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Moral hazard and adverse selection

Principal-agent problems are, broadly, divided into two
categories.

In one, the agent takes an action that is observed only
by him. Situations of the this kind are sometimes said to
involve hidden action or moral hazard. The latter term,
which is borrowed from insurance terminology, may be
illustrated by the following example. An individual insures
his warehouse against fire. Since ex post it may be di�cult
for the insurance company to determine what actions the
insured has undertaken, the insured individual may lack
the incentive to avoid fires. Hence an insurance policy has
to be designed so that it gives the insured individual an
incentive to avoid fire, while at the same time it still has to
be attractive to the insured.

Another type of situation is where some crucial attribute
of an agent (e.g., his preferences or ability) is private
information. Situations of this kind are said to involve hidden
information or adverse selection, another term from the
insurance business. This refers to the fact that an insurance
policy dealing with a particular type of misfortune is likely
to attract customers who are particularly likely to su↵er the
misfortune.

We now proceed to study a class of models with moral
hazard.
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The principal and his agent

We consider a game between a principal and an agent.
Examples of such situations might be the relation of an
employer (the principal) to a worker (the agent) or of the
owners of a firm (the principals) to the CEO (the agent).

We have the following time order of decisions.
• The principal o↵ers a contract t(q̃) which specifies the

transfer payment t to the agent as a function of what he
produces (q̃).

• The agent either accepts or rejects the contract.
• If the agent has accepted, he now selects his e↵ort level

e.
• Nature selects the state, and what the agent produces is

a function his e↵ort and the state of nature.
We further assume that the agent only accepts contracts

that give him an expected utility at least as great as his
reservation utility , which we normalize to zero.
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Note that given that the agent has accepted a contract,
rationality on his part implies that he will take certain
actions. We are now interested in finding optimal contracts
from the point of view of the principal, given that the agent
will behave rationally under the contract, and given that the
agent must accept the contract voluntarily.

We shall consider (along with La↵ont and Martimort) a
simple model with

• e 2 {0, 1}, with e↵ort cost  for e = 1 and zero
otherwise, and

• two possible levels of output, q and q, with q < q and
Prob(q̃ = q|e = 0) = ⇡0 and Prob(q̃ = q|e = 1) = ⇡1, with
⇡0 < ⇡1.
Let �q = q � q and �⇡ = ⇡1 � ⇡0.
A contract is completely described by the payments t

and t at the low and high outputs, respectively.
Let S and S be the value to the principal of output in

the low and high states, respectively. Assuming, as we shall
do throughout, that the principal is risk neutral, his expected
utility from high e↵ort is

V1 = ⇡1(S � t) + (1� ⇡1)(S � t),

and his expected utility from low e↵ort is

V0 = ⇡0(S � t) + (1� ⇡0)(S � t).
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The first best

Consider, as a benchmark, the case of perfect information,
i.e., when the principal can observe the agent’s e↵ort. If the
principal wishes to induce the agent to exert the high e↵ort,
he wishes to maximize

⇡1(S � t) + (1� ⇡1)(S � t)

with respect to t and t, subject to the agent’s participation or
individual rationality constraint

⇡1u(t) + (1� ⇡1)u(t)�  � 0,

where u is the agent’s concave, increasing utility (of money)
function and we have normalized his reservation utility
to zero. Also note that we assume the agent’s utility is
separable in money and e↵ort.

Hence we can form the Lagrange function

L = ⇡1(S � t) + (1� ⇡1)(S � t) + �(⇡1u(t) + (1� ⇡1)u(t)� ),

and get the first-order conditions

�⇡1 + �⇡1u
0(t) = 0

and
�(1� ⇡1) + �(1� ⇡1)u0(t) = 0.

This implies that u0(t) = u0(t), and hence that t = t. In
the first-best solution the agent is therefore fully insured in
the sense that his payment is independent of the stochastic
output. From the participation constraint, we also have
t = t = u�1( ) =: h( ).
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The principal’s expected utility when inducing e↵ort is
thus

V1 = ⇡1S + (1� ⇡1)S � h( ).

If he instead decides not to induce e↵ort, it is su�cient to
pay the agent zero independent of output (assuming we have
u(0) = 0). His expectation would then be

V0 = ⇡0S + (1� ⇡0)S.

Hence inducing e↵ort is optimal when V1 � V0, i.e., when

�⇡�S � h( ),

where �S := S � S.
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Imperfect information and risk neutral agent

A risk neutral agent maximizes his expected income, i.e., we
can let u(t) = t.

We now assume the agent’s e↵ort cannot be directly
observed. Hence the principal has to provide the agent with
an incentive to exert e↵ort.

Case 1: Suppose the principal wants to induce high
e↵ort. The agent’s incentive compatibility constraint is

⇡1t + (1� ⇡1)t�  �
⇡0t + (1� ⇡0)t,

which implies that

t � t +
 

�⇡
,

i.e., not surprisingly we find that the wage for high output
should be higher than that for low output if the agent is to
exert high e↵ort.

We also need the participation constraint

⇡1t + (1� ⇡1)t�  � 0

to be fulfilled in order for the agent to accept the contract;
i.e., we must have that

t �  � (1� ⇡1)t
⇡1

.

7
































































































































































The principal now wishes to find the contract that
maximizes his expected utility

⇡1(S � t) + (1� ⇡1)(S � t).

This is equivalent to finding the wage schedule that
minimizes the expected cost

⇡1t + (1� ⇡1)t

for inducing high e↵ort, given that high e↵ort is incentive
compatible and that the agent has to accept the contract.
We note that the combinations of t and t that give the same
cost c are given by

t =
c� (1� ⇡1)t

⇡1
,

i.e., the principal’s isocost curves have the same slope as the
agent’s participation constraint.

We can illustrate this in a figure.
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We see that all contracts on the part of the agent’s
participation constraint that is on or above the IC constraint
induce high e↵ort at the least cost. Hence one solution is to
set t1 = (1� ⇡0) /�⇡ and t1 = �⇡0 /�⇡.

Case 2: Suppose the principal wants the agent to
exert low e↵ort. It is su�cient to o↵er a constant wage t0
independently of how much is produced. This is because if
the agent’s wage is independent of output he will rationally
choose the lower e↵ort level.

In order for the agent to accept the contract we need
that

t0 � 0.

Hence the cost-minimizing contract for inducing low e↵ort is
t0 = 0.

It follows that the principal o↵ers the high-e↵ort
contract if we have that

⇡1

✓
S � (1� ⇡0) 

�⇡

◆
+(1�⇡1)

✓
S +

⇡0 

�⇡

◆
� ⇡0S +(1�⇡0)S,

i.e., if
�⇡�S �  .

Again we find that the optimal contract is also the (first-
best) e�cient one. But this is a special case that happens
because the agent is risk neutral.
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Risk averse agent

An individual is said to be risk averse if his utility function
is strictly concave in money . That the utility function is
concave is the same thing as saying that the individual when
confronted with a lottery that yields $x with probability p
and $y with probability 1�p would prefer $px+(1�p)y with
certainty instead, i.e., that

u(px + (1� p)y) > pu(x) + (1� p)u(y) for all x 6= y and p > 0.

(Which is the definition of strict concavity of u.)
An individual is risk neutral if it is the case that

u(px + (1� p)y) = pu(x) + (1� p)u(y).

So far, we have assumed both principal and agent to be risk
neutral. It is, however, standardly assumed that the principal
is risk neutral (because he is assumed to be able to insure
himself perfectly outside of the particular relationship, e.g.,
by composing his stock portfolio optimally), but the agent
risk averse.

We saw that the first-best solution to the contracting
problem always involves having the risk neutral party bear
all the risk. This would mean that the agent was paid a fixed
wage independently of output. But we know that given that
the principal cannot determine the agent’s e↵ort directly,
the agent will if given a fixed wage always choose the low
e↵ort. Hence high e↵ort, when it is desirable on the part of
the principal, cannot be achieved without e�ciency losses.
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Note that low e↵ort may again be attained by paying the
same amount regardless of output. The agent can then be
held down to his reservation utility.

When high e↵ort is desirable, things are slightly more
complicated. The principal wishes to maximize

⇡1(S � t) + (1� ⇡1)(S � t)

with respect to t and t, subject to the agent’s incentive
compatibility constraint

⇡1u(t) + (1� ⇡1)u(t)�  � ⇡0u(t) + (1� ⇡0)u(t)

and participation constraint

⇡1u(t) + (1� ⇡1)u(t)�  � 0.

Since the constraints are possibly nonlinear, it is not clear
that the Kuhn-Tucker conditions apply. But we can make
the following substitution. Let u := u(t) and u := u(t).
Then we have t = h(u) and t = h(t). We can now rewrite
the maximization problem so that the principal wishes to
maximize

⇡1(S � h(u)) + (1� ⇡1)(S � h(u))

with respect to u and u, subject to

⇡1u + (1� ⇡1)u�  � ⇡0u + (1� ⇡0)u

and
⇡1u + (1� ⇡1)u�  � 0.

Since h is strictly convex, the new objective function is
strictly concave in u and u. Since the constraints are
now linear, the Kuhn-Tucker conditions are su�cient and
necessary for optimality.
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Forming the Lagrange function in the standard manner,
with � as the multiplier for the incentive constraint and µ
that of the participation constraint, we get

L = ⇡1(S � h(u)) + (1� ⇡1)(S � h(u))
+�(�⇡(u� u)�  )

+µ(⇡1u + (1� ⇡1)u�  ).

The first order conditions for a maximum are

�⇡1h
0(u) + ��⇡ + µ⇡1 = 0

and
�(1� ⇡1)h0(u)� ��⇡ + µ(1� ⇡1) = 0.

Noting that, e.g., h0(u) = 1/u0(t), we can rewrite these
conditions as

1
u0(t)

= µ + �
�⇡
⇡1

and
1

u0(t)
= µ� �

�⇡
1� ⇡1

.

Multiplying the first of these expressions by ⇡1 and the
second by 1� ⇡1, and adding, we get

µ =
⇡1

u0(t)
+

1� ⇡1

u0(t)
.

Since u is increasing, this must be positive. Hence the
participation constraint must be binding at the optimum.
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Using the solution for µ to solve for �, we get

� =
⇡1(1� ⇡1)

�⇡

✓
1

u0(t)
� 1

u0(t)

◆
.

Since u is concave, and the incentive constraint implies that
t > t, this implies that � is also positive. Hence both the
incentive and participation constraints bind at the optimum.
The optimal values of u and u may therefore be found by
solving a system of two linear equations.

Doing this, we ultimately get

t = h

✓
 + (1� ⇡1)

 

�⇡

◆

and
t = h

✓
 � ⇡1

 

�⇡

◆
.

We note about this that the agent is not fully insured, since
he receives di↵erent payments for di↵erent outputs, and that
he receives more than the perfect information payment h( )
for high output and less for low output.

Since the participation constraint binds, and since u is
strictly concave, we have that

 = ⇡1u(t) + (1� ⇡1)u(t) < u(⇡1t + (1� ⇡1)t).

Hence the principal’s expected payment is strictly greater
than the first-best cost of h( ). The agent is paid a risk
premium.
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When does the principal want to induce e↵ort? The
cost of inducing no e↵ort is zero, and the expected gain from
e↵ort is �⇡�S. Hence inducing high e↵ort is profitable when

�⇡�S � ⇡1h

✓
 + (1� ⇡1)

 

�⇡

◆
+ (1� ⇡1)h

✓
 � ⇡1

 

�⇡

◆
.

Since h is convex, we have that

⇡1h

✓
 + (1� ⇡1)

 

�⇡

◆
+ (1� ⇡1)h

✓
 � ⇡1

 

�⇡

◆

> h

✓
⇡1

✓
 + (1� ⇡1)

 

�⇡

◆
+ (1� ⇡1)

✓
 � ⇡1

 

�⇡

◆◆

= h( ).

Hence the principal will sometimes refrain from inducing high
e↵ort when doing so would have been e�cient (in the first-
best sense).
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Tournaments

Contests (of which we have seen an example previously) may
be used as incentive instruments. Lazear and Rosen (1981)
argue that, e.g., high salaries for executives may be viewed as
a way of constructing an e�cient contest in the firm, which
makes employees exert optimal e↵ort.

The idea here is to reward the employee who produces
the most by promoting him to a more highly paid position in
the firm.

Suppose, for simplicity, that there are only two
employees. There are two positions to be filled, Boss and
Worker. Appointments are made after a first period in which
the employees produce something. The one who produced
the most gets to be Boss and gets the salary wB , the runner-
up gets to be Worker and gets the salary wW .

The output of individual i is given by

qi = ei + "i,

where ei is his e↵ort and "i is a random term. The problem
for the firm’s owner is that, because of the random term,
individual e↵orts are not observable.

15
































































































































































We shall assume that the di↵erence in random terms
is distributed according to the cumulative distribution
G with expectation 0, and that the expectation of each
individual random term also is 0. Let pi be the probability
that individual i wins the contest (note that this probability
is a function of both e↵orts), and let c(ei) be his cost of
exerting e↵ort. Individual i’s expected income is then

ui = piwB + (1� pi)wW � c(ei).

Individual i therefore maximizes his expected income by
choosing his e↵ort ei such that

(wB � wW )
@pi

@ei

� c0(ei) = 0.

16
































































































































































We can expand the winning probability pi further. We
have that

pi = Prob(ei + "i > ej + "j) =
Prob("j � "i < ei � ej) = G(ei � ej).

It follows that
@pi

@ei

= g(ei � ej),

where g is the density of G.
Since the situation is symmetric, we know there is a

symmetric equilibrium, i.e., an equilibrium where we have
e1 = e2 = e?. The equilibrium condition is therefore

(wB � wW )g(0) = c0(e?).

It seems reasonable to assume that the marginal cost of e↵ort
c0 is increasing. We then see that the equilibrium e↵ort e? is
increasing in the wage di↵erence.
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Here is a figure to illustrate the situation.
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We now also see that the lower is g(0), the lower is
equilibrium e↵ort. If the distribution is symmetric around 0,
the value g(0) is a measure of the importance of the random
term for output, or, alternatively, the degree of risk in the
production process. (See the figure below.) The lower is g(0),
the greater is the importance of the random factor.
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Next consider the firm’s problem. Given that the
employees behave rationally, the owner wishes to maximize
his expected profit

⇡ = E(2e? + "1 + "2 � wB � wW ) = 2e? � wB � wW .

Suppose the employees have reservation incomes equal to
zero. Then we must also have that

1/2(wB + wW )� c(e?) = 0

in order for it to be rational for the individuals to accept
employment (accept the contract). We can substitute this
participation constraint in the expression for ⇡ to get

⇡ = 2(e? � c(e?)).

This quantity is maximized when we have that

@⇡

@wB

= 2(1� c0(e?))
@e?

@wB

= 0

and
@⇡

@wW

= 2(1� c0(e?))
@e?

@wW

= 0.

We can see that this implies c0(e?) = 1, which is the same
thing as saying that the optimal contest structure is such
that it makes the individuals exert optimal e↵ort from the
point of view of the firm (i.e., the e↵ort at which marginal
cost is equal to marginal product).
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Returning to the equilibrium condition of the employees,
and utilizing that c0(e?) = 1, we find that

wB � wW =
1

g(0)
,

i.e., the wage di↵erence in an optimal wage structure
is increasing in the degree of risk in production (or,
equivalently, the degree of inobservability of e↵ort).

One major point of this analysis is that the
reasonableness of the size of, e.g., executive salaries, cannot
be evaluated without taking into account the entire structure
of wages, since the analysis implies that executive salaries
function as incentives for employees on lower levels to exert
e↵ort. Just looking at the executive’s marginal product
misses the point.
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Problem. A principal is planning to o↵er an agent a
contract. There is a high outcome yH = 10 and a low
outcome yL = 0. In case the agent works hard (aH = .1),
the probability of the high outcome is .15. In case the agent
works less hard (aL = 0), the probability of the high
outcome is only .1. The principal wishes to maximize his
expected profit. The agent has the expected utility function
u(w, a) = log(w)� a, where log is the natural logarithm. The
agent’s reservation utility is zero. Find the optimal contract.

Problem. Two firms produce in a market where inverse
demand is p = 1 � q1 � q2, where q1 and q2 are the firms’
outputs. Both firms have marginal cost equal to zero. Firm 1
is managed by its owner, whose utility function is the firm’s
profit function. Firm 2, on the other hand, is managed by a
CEO, who is in an agency relationship with the owner. The
owner of Firm 2 pays the CEO according to a salary schedule
w = ↵⇡2 + �q2, where ⇡2 is the firm’s profit, and keeps the
rest. Which are the optimal values of the parameters ↵ and
�, given that the CEO will not accept the contract unless he
gets at least his reservation salary of w̄?
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Problem. A principal is o↵ering an agent a contract. The
project is such that it could result in failure or success with
equal probabilities. The agent may work or shirk. The
principal cannot observe the agent’s e↵ort, but knows that
the value of what is produced is as given by the following
table.

State of Nature
Failure Success

E↵ort High �100 500
Low �100 100

The agent has utility u(w(y)) if his e↵ort is high and
u(w(y) + 50) if his e↵ort is low, where u is a strictly
concave function and w(y) is his wage as a function of the
value of output y. If the agent rejects the contract, he gets
reservation utility u(20). Find an optimal contract that
induces high e↵ort from the agent.
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