
Mathematics III

Problem Set 1: Di�erential Equations

Suggested Solutions

Jose E. Gallegos

November 28, 2017

Deadline is Mon 27 November at 17:00. Submission via email: jose.elias.gallegos@iies.su.se or in

class. By that same time, I will upload solutions to my webpage, www.joseeliasgallegos.com

Exercise 1: First-Order Di�erential Equations

Solve these linear equations in the form y = yn + yp with yn = y(0)eat.

(a) ẏ − 4y = −5
Answer:

(a)

Let me �rst solve a FDE for the general case, and then we can move to this particular case.

Write

ẏ + ay = b

This is the simplest case. Multiply this equation by eat (integrating factor)

ẏeat + ayeat = beat

Notice that the LHS happens to be d(yeat)
dt . Thus,

d(yeat)

dt
= beat

Multiplying by dt,

d(yeat) = beatdt

Integrating,
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ˆ
d(yeat) =

ˆ
beatdt

yeat + C = b

ˆ
eatdt

yeat + C =
b

a
eat +D

yeat =
b

a
eat + E

where E = D − C. Divide by eat,

y =
b

a
+ Ee−at

Okay, so the general case is now done. You can refer to it when you solve the rest of the

exercise. But lets go to the particular case

ẏ − 4y = −5

This is the simplest case. Multiply this equation by e−4t (integrating factor)

ẏe−4t − 4ye−4t = −5e−4t

Notice that the LHS happens to be d(ye−4t)
dt . Thus,

d(ye−4t)

dt
= −5e−4t

Multiplying by dt,

d(ye−4t) = −5e−4tdt

Integrating,

ˆ
d(ye−4t) =

ˆ
−5e−4tdt

ye−4t + C = −5
ˆ
e−4tdt

ye−4t + C =
−5
−4

e−4t +D

ye−4t =
5

4
e−4t + E

where E = D − C. Divide by e−4t,

y =
5

4
+ Ee4t
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Finally, notice that y →
t→∞

∞.

(b) ẏ + 4y = 6

Answer:

(b) This is the simplest case. Multiply this equation by e4t (integrating factor)

ẏe4t + 4ye4t = 6e4t

Notice that the LHS happens to be d(ye4t)
dt . Thus,

d(ye4t)

dt
= 6e4t

Multiplying by dt,

d(ye4t) = 6e4tdt

Integrating,

ˆ
d(ye4t) =

ˆ
6e4tdt

ye4t + C = 6

ˆ
e4tdt

ye4t + C =
6

4
e4t +D

ye4t =
3

2
e4t + E

where E = D − C. Divide by e4t,

y =
3

2
+ Ee−4t

Finally, notice that y →
t→∞

3
2 .

(c) ẏ − y = 5e3t, with y(0) = 2.

Answer:

(c) This is the simplest case. Multiply this equation by e−t (integrating factor)

ẏe−t − ye−t = 5e3te−t

Notice that the LHS happens to be d(ye−t)
dt . Thus,

d(ye−t)

dt
= 5e2t

Multiplying by dt,

d(ye−t) = 5e2tdt
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Integrating,

ˆ
d(ye−t) =

ˆ
5e2tdt

ye−t + C = 5

ˆ
e2tdt

ye−t + C =
5

2
e2t +D

ye−t =
5

2
e2t + E

where E = D − C. Divide by e−t,

y =
5

2
e3t + Eet

Notice that in this exercise we are given extra information: y(0) = 2. Thanks to this we can

obtain E,

y(0) = 2

5

2
e0 + Ee0 = 2

5

2
+ E = 2 =⇒ E = −1

2

Hence,

y =
5

2
e3t − 1

2
et

Finally, notice that y →
t→∞

∞.

(d) ẏ + y = 8e−2t, with y(0) = 2.

Answer:

(d) This is the simplest case. Multiply this equation by et (integrating factor)

ẏet + yet = 8e−2tet

Notice that the LHS happens to be d(yet)
dt . Thus,

d(yet)

dt
= 8e−t

Multiplying by dt,

d(yet) = 8e−tdt

Integrating,

4



ˆ
d(yet) =

ˆ
8e−tdt

yet + C = 8

ˆ
e−tdt

yet + C =
8

−1
e−t +D

yet = −8e−t + E

where E = D − C. Divide by et,

y = −8e−2t + Ee−t

Notice that in this exercise we are given extra information: y(0) = 2. Thanks to this we can

obtain E,

y(0) = 2

−8e0 + Ee0 = 2

−8 + E = 2 =⇒ E = 10

[Solution manual says E = 2. Shout out if someone spots a typo]

Hence,

y = −8e−2t + 6e−t

Finally, notice that y →
t→∞

0.

Exercise 2: Separable Di�erential Equations

Solve the following di�erential equations:

(a) K̇ = Anα0a
bKb−ce(αν+ε)t, with b− c 6= 1, αν + ε 6= 0.

Answer:

(a) Lets rewrite Anα0a
b ≡ P and αν + ε ≡ Q. The di�erential equation now looks

K̇Kc−b = PeQt

Proceeding,
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dK

dt
Kc−b = PeQt

dK Kc−b = PeQtdtˆ
Kc−bdK =

ˆ
PeQtdt

1

c− b+ 1
Kc−b+1 + C = P

ˆ
eQtdt

1

c− b+ 1
Kc−b+1 + C =

P

Q
eQt +D

1

c− b+ 1
Kc−b+1 =

P

Q
eQt + E =⇒ K =

[(
P

Q
eQt + E

)
(c− b+ 1)

] 1
c−b+1

(b) ẋ = (β−αx)(x−a)
x with α, β, a > 0, αa 6= β. Hint: x

(β−αx)(x−a) =
1

β−αa

(
β

β−αx + a
x−a

)
.

Answer:

(b) We have

dx

dt
=

(β − αx)(x− a)
x

Separate,

x

(β − αx)(x− a)
dx = dt

1

β − αa

(
β

β − αx
+

a

x− a

)
dx = dt(

β

β − αx
+

a

x− a

)
dx = (β − αa)dt

ˆ (
β

β − αx
+

a

x− a

)
dx =

ˆ
(β − αa)dt

β

ˆ
1

β − αx
dx+ a

ˆ
1

x− a
dx = (β − αa)

ˆ
dt

β

(
− ln |β − αx|

α

)
+ C + a ln |x− a|+D = (β − αa)(t+ E)

β

α
ln |β − αx| − a ln |x− a| = −(β − αa)t+ F

ln |β − αx|
β
α + ln |x− a|−a = −(β − αa)t+ F

ln
(
|β − αx|

β
α |x− a|−a

)
= −(β − αa)t+ F

|β − αx|
β
α |x− a|−a = e−(β−αa)t+F

|β − αx|
β
α |x− a|−a = e−(β−αa)teF

|β − αx|
β
α |x− a|−a = Ge(αa−β)t
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where F = −(β − αa)E + C +D and G = eF .

Exercise 3: The General Case

Given x(T ) = xT , show that the solution of ẋ+ a(t)x = b(t) is

x(t) = xT e
´ T
t a(ξ)dξ −

ˆ T

t
b(s)e

´ s
t a(ξ)dξds

Answer:

Multiply the di�erential equation by eA(t),

ẋeA(t) + a(t)xeA(t) = b(t)eA(t)

where, in the LHS, A(t) is such that LHS= dxeA(t)

dt ,

dxeA(t)

dt
= ẋeA(t) + ȦxeA(t)

Therefore,

Ȧ = a(t) =⇒ dA

dt
= a(t) =⇒ dA = a(t)dt

Integrating,

ˆ
dA =

ˆ
a(t)dt =⇒ A =

ˆ
a(t)dt

Hence, we can rewrite it as

dxeA(t)

dt
= b(t)eA(t)

dxeA(t) = b(t)eA(t)dtˆ
dxeA(t) =

ˆ
b(t)eA(t)dt

xeA(t) + C =

ˆ
b(t)eA(t)dt =⇒ xeA(t) =

ˆ
b(t)eA(t)dt− C

x = e−A(t)
ˆ
b(t)eA(t)dt− Ce−A(t)

Let's now �nd C. De�ne F (t) =
´
b(t)eA(t)dt. We can write

A(t)−A(s) =
ˆ t

s
a(ξ)dξ

Rewritting x,

x = e−A(t)F (t)− Ce−A(t)
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Now let t = T and solve for C

Ce−A(T ) = e−A(T )F (T )− x(T ) =⇒ C = F (T )− eA(T )x(T )

Introducing C into x

x(t) = −
[
F (T )− eA(T )x(T )

]
e−A(t) + e−A(t)F (t) =

= x(T )eA(T )−A(t) − [F (T )− F (t)]e−A(t)

By de�nition of F (t) we have

F (T )− F (t) =
ˆ T

t
b(s)eA(s)ds

Hence,

x(t) = x(T )eA(T )−A(t) −
[ˆ T

t
b(s)eA(s)ds

]
e−A(t) =

= x(T )eA(T )−A(t) −
ˆ T

t
b(s)eA(s)−A(t)ds

Finally,

x(t) = xT e
´ T
t a(ξ)dξ −

ˆ T

t
b(s)e

´ s
t a(ξ)dξds

Exercise 4: Second-Order Linear Equations

Find a real solution to the following second-order equation

ÿ + 2ẏ + 10y = 0

with y(0) = 2 and ẏ(0) = 1.

Answer:

Notice that a = 2 and b = 10. Hence,

a2

4
− b = −9 < 0

then, we know that

y = eαt[A cos(βt) +B sin(βt)]

where α = −a
2 = −1 and β =

√
b− a2

4 = 3. We still need to �nd A and B,
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ẏ = αeαt[A cos(βt) +B sin(βt)] + eαt {A[− sin(βt)]β +B cos(βt)β} =

= eαt [(Aα+Bβ) cos(βt) + (αB − βA) sin(βt)]

We know that y(0) = 2. Hence,

y(0) = 2

e0(A · 1 +B · 0) = 2 =⇒ A = 2

And, thanks to ẏ(0) = 1,

ẏ(0) = 1

e0[(Aα+Bβ) · 1 + (αB − βA) · 0] = 1 =⇒ B =
1−Aα
β

=
1− 2α

β

Exercise 5: Sinusoidal functions

The di�erential equation ẋ+ 2x = 2 cos(2t) has complete solution

x = Ce−2t +
cos(2t) + sin(2t)

2

(a) Plot this function for di�erent C ′s. How is the behavior of the function a�ected by changes

in C?

Answer:

(b) Show analytically that the complete solution is equivalent to

x = Ce−2t +
1√
2
cos
(
2t− π

4

)
Answer:

Using the sinusoidal relation

A cos(ωt) +B sin(ωt) = C cos(ωt− φ)

where φ = arctan B
A and C =

√
A2 +B2,

cos(2t) + sin(2t)

2
=

√(
1

2

)2

+

(
1

2

)2

cos

(
2t− arctan

1/2

1/2

)
≡ 1√

2
cos
(
2t− π

4

)
(notice that 1 is the 45% degree line, which in radians is π

4 ).
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(c) Con�rm this graphically by plotting both versions of the complete solution.

Answer:

1 clc

2 clear a l l

3

4

5 C1=1;

6 C2=1.1;

7 C3=1.5;

8

9 x1 = @( t ) C1∗exp(−2∗ t )+(cos (2∗ t )+sin (2∗ t ) ) /2 ;
10 x2 = @( t ) C2∗exp(−2∗ t )+(cos (2∗ t )+sin (2∗ t ) ) /2 ;
11 x3 = @( t ) C3∗exp(−2∗ t )+(cos (2∗ t )+sin (2∗ t ) ) /2 ;
12

13 f igure (1 )

14 fplot ( x1 , [ 0 , 5 ] )

15 hold on

16 fplot ( x2 , [ 0 , 5 ] )

17 hold on

18 fplot ( x3 , [ 0 , 5 ] )
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19 hold o f f

20 print (1 , ' ex5a ' , '−dpdf ' )
21

22 x1 = @( t ) C1∗exp(−2∗ t )+1/sqrt (2 ) ∗cos (2∗ t−pi /4) ;
23 x2 = @( t ) C2∗exp(−2∗ t )+1/sqrt (2 ) ∗cos (2∗ t−pi /4) ;
24 x3 = @( t ) C3∗exp(−2∗ t )+1/sqrt (2 ) ∗cos (2∗ t−pi /4) ;
25

26 f igure (2 )

27 fplot ( x1 , [ 0 , 5 ] )

28 hold on

29 fplot ( x2 , [ 0 , 5 ] )

30 hold on

31 fplot ( x3 , [ 0 , 5 ] )

32 hold o f f

33 print (2 , ' ex5c ' , '−dpdf ' )
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