Mathematics 111
Problem Set 1: Differential Equations
Suggested Solutions

Jose E. Gallegos

November 28, 2017

Deadline is Mon 27 November at 17:00. Submission via email: jose.elias.gallegos@iies.su.se or in

class. By that same time, I will upload solutions to my webpage, www.joseeliasgallegos.com

Exercise 1: First-Order Differential Equations

Solve these linear equations in the form y = y,, + y, with y, = y(0)e®.

(a) y—4y = —5
Answer:

(a)
Let me first solve a FDE for the general case, and then we can move to this particular case.
Write

y+ay=>

This is the simplest case. Multiply this equation by e (integrating factor)

at

ye™ + aye™ = be

Notice that the LHS happens to be d%ie:t). Thus,

d(ye™)
dt

— beat

Multiplying by dt,

d(ye™) = be™dt

Integrating,
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/d(yeat) = /beatdt

yeat—i-C:b/e“tdt
at b at
ye*+C =—-e"+D
a

b
yeat — 7eat +F
a
where E = D — C. Divide by e,

b
y=—+Ee ™
a

Okay, so the general case is now done. You can refer to it when you solve the rest of the

exercise. But lets go to the particular case

y—4y = -5

—4t (

This is the simplest case. Multiply this equation by e integrating factor)

yefﬁlt - 4y674t — _5674t

Notice that the LHS happens to be d(yZZM). Thus,

d(ye™*)

_ gt
dt €

Multiplying by dt,

d(ye ) = —5e~4dt

Integrating,

/ d(ye™) = / —5e~ Yt

ye 4 C = —5/e4tdt

-5
ye M+ C=—e 4D

where E = D — C. Divide by e™%,



Finally, notice that y — oc.
t—o0
(b) y+4y =6

Answer:

(b) This is the simplest case. Multiply this equation by e* (integrating factor)

ye4t + 4ye4t = et

Notice that the LHS happens to be d%i'ft). Thus,

d(ye™)

— gelt
di €

Multiplying by dt,

d(yet) = 6etdt

Integrating,

/ d(yett) = / 6ettdt

yelt 4+ C = 6/e4tdt

6
ye'l + C = Z€4t +D
3
ye' = ~e' + F
2
where E = D — C. Divide by e*,
3
_ - E —4t
Y 5 + Ee
Finally, notice that y — %
t—00
(c) §—y = 5e3 with y(0) = 2.

Answer:

(c) This is the simplest case. Multiply this equation by e~ (integrating factor)

ge ! —ye ! = bedle

Notice that the LHS happens to be d(%t_t). Thus,

d(ye™) _
a
Multiplying by dt,

d(ye™") = 5edt



Integrating,

/d(ye_t) = /562tdt
ye '+ C = 5/€2tdt

5
ye '+ C =€+ D

2
5
yet =M+ B
2
where E = D — C. Divide by e7¢,
5
y = —e% + Fe!

2

Notice that in this exercise we are given extra information: y(0) = 2. Thanks to this we can
obtain F,

y(0) =2

50 0

— Ee’ =2

26 + Ee
)

Hence,
5 1

y:§63t et

Finally, notice that y — oc.
t—00
(d) 7+ y = 8e 2, with y(0) = 2.

Answer:

(d) This is the simplest case. Multiply this equation by e’ (integrating factor)

y‘et +y€t — Se—ztet

Notice that the LHS happens to be d(zift). Thus,
d(ye')

= 8¢t
dt ¢

Multiplying by dt,

d(ye') = 8e~"dt

Integrating,



/d(yet) = /Setdt

yet+C’:8/e_tdt
¢ 8 4
ye —}—C':—le +D
ye! = —8e '+ E

where E = D — C. Divide by e,

y=—8e 2+ Fe!

Notice that in this exercise we are given extra information: y(0) = 2. Thanks to this we can
obtain F,

y(0) =2
—8e? + Ee® =2
—8+FEF=2 — EF=10

[Solution manual says F = 2. Shout out if someone spots a typo]
Hence,
y=—8e 2 4+ 6et

Finally, notice that y — 0.
t—o0

Exercise 2: Separable Differential Equations

Solve the following differential equations:
(a) K = Ang‘abe_ce(o‘”+5)t, withb—c=# 1, av 4+ # 0.
Answer:

(a) Lets rewrite Anga® = P and av + ¢ = Q. The differential equation now looks

KK = pe?

Proceeding,



dK
dt

dK Kb = peQtdt

/ KebdK — / PeRtdt

KC b Pth

e =P [
1 P
c—b+1 +C Qe *
1
. P P c—b+1
I o o W o K=|[Ze®+E)(c—b+1
c—b+1 Qe Eala Qe " ey
(b) i = W with o, 8,a > 0, aa # 3. Hint: (5_a§§(x—a) = g_laa <B—ﬁax + ﬁ)
Answer:
(b) We have
do (8 —azx)(x —a)
dt x
Separate,
x
CErTIE a) x =dt
s _
—aa(ﬁ—aﬂf )dm_dt
B dr = (8 — aa)dt
B—Ozx
: /
dr = — aa)dt
<B—a1‘ P x (B — aa)

fypas m+¢/_w = (8- aa) [ a

6( 1n,5a aﬂ) +C+alnlz—a|+ D= (8- aa)(t + E)

106 — aaf? +1nle —al=* = (3~ aa)i + F

In (\5 — Al - a]‘“) =—(B—aa)t+F
| — axlglzv —a] % = ¢~ (Braa)t+F
|6 — aazlglm —a] % = ¢~ (Braa)t F

B
16— aaft | — o]~ = Gelo=0)



where F' = —(8 — aa)E+ C + D and G = el".

Exercise 3: The General Case

Given z(T') = xp, show that the solution of & + a(t)z = b(t) is

T
x(t) = a:TeftT a(§)dg —/ b(s)effa(é)déds
¢

Answer:

Multiply the differential equation by eA®),

ie® 4 a(t)zet® = p(t)er®

A(t)

where, in the LHS, A(¢) is such that LHS= dxedt 7

et e 1 e
Therefore,
A=a(t) = % =a(t) = dA =a(t)dt
Integrating,

/dA: /a(t)dt — A= /a(t)dt

Hence, we can rewrite it as

dxeA®)

dt
dze® = b(t)eA B dt

/d:veA(t) = /b(t)eA(t)dt

zed) L 0 = /b(t)eA(t)dt — el = /b(t)eA(t)dt - C

= e AW / b(#)eAD Gt — Co—AW

= b(t)eA®

Let’s now find C. Define F(t) = [ b(t)e*®dt. We can write

Rewritting z,



Now let t = T and solve for C

Ce*A(T) — e*A(T)F(T) — ﬂj‘(T) — (C = F(T) — €A(T).'13(T)

Introducing C into x

Hence,

T
2(t) = 2(T)AD A0 _ [ / b(s)ems)d% AW _
t

T
= z(T)eAN 40 —/ b(s)eAH =AM g
t
Finally,

T s
2(t) = wpelt ©O% _ / b(s)el @€ g
t

Exercise 4: Second-Order Linear Equations

Find a real solution to the following second-order equation

i+ 25+ 10y =0

with y(0) = 2 and y(0) = 1.

Answer:

Notice that a = 2 and b = 10. Hence,

a2

——b=-9<0
4

then, we know that

y = e*[Acos(ft) + Bsin(ft)]

where a = —5 = —1 and 3 = — “4—2 = 3. We still need to find A and B,



y = ae™[Acos(Bt) + Bsin(Bt)] + e {A[—sin(Bt)]8 + B cos(Bt)5} =
= e [(Aa + Bp) cos(Bt) + (aB — BA) sin(3t)]

We know that y(0) = 2. Hence,

y(0) =2
A-1+4B-0)=2 = A=2

And, thanks to ¢(0) =1,

y(0) =1

’[(Aa+BB) -1+ (aB—pBA)-0l=1 = B

BB

_1—Aa 1 -2«

Exercise 5: Sinusoidal functions
The differential equation & 4 22 = 2 cos(2t) has complete solution

cos(2t) + sin(2t)

2
(a) Plot this function for different C’s. How is the behavior of the function affected by changes
in C7

Answer:

r=Ce %+

(b) Show analytically that the complete solution is equivalent to

1 T
x=Ce 2+ — cos <2t — —)
V2 4

Answer:

Using the sinusoidal relation

A cos(wt) + Bsin(wt) = C cos(wt — ¢)

where ¢ = arctan % and C' = VA2 + B2,

. 2 2
cos(2t) + sin(2¢) = 1 + 1 cos | 2t — arctan % L Cos <2t — E)
2 2 2 1/2 2

(notice that 1 is the 45% degree line, which in radians is 7).
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(c¢) Confirm this graphically by plotting both versions of the complete solution.

Answer:

clc

clear all

Cl=1,;
c2=1.1,
C3=1.5;

x1 = @Q(t) Clxexp(—2xt)+(cos(2xt)+sin(2xt))/2;
x2 = @Q(t) C2xexp(—2xt)+(cos(2x*t)+sin(2xt)) /2;
x3 = Q(t) C3xexp(—2xt)+(cos(2x*t)+sin(2xt))/2;

figure (1)

fplot (x1,[0,5])
hold on

fplot (x2,[0,5])
hold on

fplot (x3,[0,5])
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19
20
21
22
23
24
25
26
27
28
29
30
31
32
33

hold off
print (1, ’ex5a’,’—dpdf’)

x1 = @Q(t) Clxexp(—2xt)+1/sqrt(2)=*cos(2xt—pi/4);
x2 = Q@Q(t) C2xexp(—2%t)+1/sqrt(2)xcos(2xt—pi/4);
x3 = Q(t) C3xexp(—2xt)+1/sqrt(2)x*cos(2xt—pi/4);

figure (2)

fplot (x1,[0,5])

hold on

fplot (x2,[0,5])

hold on

fplot (x3,[0,5])

hold off

print (2, ’exbc¢’,'—dpdf’)

11



