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Science: In the first lectures of this second part of the course we have gone through international

businesscycle facts and the open endowment economy, where the main difference has been the

introduction of the trade balance and current account. In this problem set, given three distinct

settings of the open endowment economy model, we will study the effects of permanent changes

in producticity, anticipated interest rate changes and conclude by obtaining the predicted second

moments of the model.
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Exercise 1: An Economy with Endogenous Labor Supply

Consider a small open economy with preferences described by the utility function

E0

∞!

t=0

βtU (ct, ht)

where U is a period utility function given by

U(c, h) = −1

2

"
(c̄− c)2 + h2

#

where c̄ is a satiation point. The household’s budget constraint is given by

dt = (1 + r)dt−1 + ct − yt

where dt denotes real debt acquired in period t and due in period t + 1, and r > 0 denotes the

world interest rate. Output, yt, is produced according to

yt = Aht

Households are also subject to the no-Ponzi-game constraint

lim
j→∞

Et
dt+j

(1 + r)j
≤ 0

(a) Assuming that β = (1+ r)−1, derive the equilibrium laws of motion of consumption, labor,

debt, the trade balance and the current account.
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(b) Assume that in period 0, unexpectedly, the productivity parameter A increases perma-

nently to A′ > A. Plot the effect of this shock on output, consumption, labor, the trade

balance, the current account, and the stock of debt considering two cases:

Case 1 : A = 0.9 and A′ = 1.1A

Case 2 : A = 1 and A′ = 1.1A

For both cases assume that c̄ = 1, r = 0.05 and that the initial real debt is 0.1. Comment

your findings.

3



1 % Code adapted from the work by Mattias Almgren ( IIES )

2 c l e a r a l l ;

3 c l c ;

4

5

6 %% Parameters

7 cbar = 1 ; % s a t i a t i o n po int

8 r = 0 . 0 5 ; % exogeneous i n t e r e s t r a t e

9 d_init = 0 . 1 ; % i n i t i a l l e v e l o f r e a l debt

10 Np = 7 ; % number pe r i od s in s imu la t i on

11

12 A1 = 0 . 9 ; % i n i t i a l p r oduc t i v i t i y , Case 1

13 A2 = 1 ; % i n i t i a l p r oduc t i v i t i y , Case 2

14

15 % Construct vec to r o f shocks : shock a f f e c t i n g in per iod 4

16 Avec1 = [ ones ( f l o o r (Np/2) ,1 ) ∗A1 ; ones ( round (Np/2) ,1 ) ∗1 .1∗A1 ] ; %produc t i v i t y

vector , Case 1

17 Avec2 = [ ones ( f l o o r (Np/2) ,1 ) ∗A2 ; ones ( round (Np/2) ,1 ) ∗1 .1∗A2 ] ; %produc t i v i t y

vector , Case 2

18 Amat = [ Avec1 Avec2 ] ; %Combine matr i ce s

19

20 %% Simulat ion

21 % Prea l l o c a t e ve c t o r s f o r s t o r i n g r e s u l t s

22 y = NaN(Np, 2 ) ;

23 c = NaN(Np, 2 ) ;

24 h = NaN(Np, 2 ) ;

25 tb = NaN(Np, 2 ) ;

26 ca = NaN(Np, 2 ) ;

27 d = NaN(Np, 2 ) ;

28 t = NaN(Np, 2 ) ; % time

29

30 f o r j j = 1 :2

31 %per iod 1

32 c (1 , j j ) = (1/(1+Amat(1 , j j ) ^2) ) ∗ (Amat(1 , j j )^2 ∗ cbar − r ∗ d_init ) ;

33 h (1 , j j ) = (Amat(1 , j j ) /(1+Amat(1 , j j ) ^2) ) ∗ ( cbar+r ∗ d_init ) ;

34 y (1 , j j ) = Amat(1 , j j ) ∗h (1 , j j ) ;

35 tb (1 , j j ) = y (1 , j j )−c (1 , j j ) ;

36 ca (1 , j j ) = 0 ;

37 d (1 , j j ) = d_init ;

38 t (1 , j j ) = 1−round (Np/2) ;

39

40 %per i od s 2 through Np

41 f o r t t = 2 :Np

42 t ( tt , j j ) = tt−round (Np/2) ;

43 c ( tt , j j ) = (1/(1+Amat( tt , j j ) ^2) ) ∗ (Amat( tt , j j ) ^2∗cbar−r ∗d( tt −1, j j ) ) ;

44 h( tt , j j ) = (Amat( tt , j j ) /(1+Amat( tt , j j ) ^2) ) ∗ ( cbar + r ∗d( tt −1, j j ) ) ;

45 y ( tt , j j ) = Amat( tt , j j ) ∗h( tt , j j ) ;

46 tb ( tt , j j ) = y ( tt , j j )−c ( tt , j j ) ;
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47 ca ( tt , j j ) = tb ( tt , j j ) − r ∗d( tt −1, j j ) ;

48 d( tt , j j ) = d( tt −1, j j ) ;

49 end

50

51 end

52

53 %plo t r e s u l t s

54 subp lot ( 3 , 1 , 1 )

55 p lo t ( t , y ( : , 1 ) , ’−.b∗ ’ )

56 hold on

57 p lo t ( t , y ( : , 2 ) , ’−. r ∗ ’ )

58 t i t l e ( ’ output ’ )

59 subp lot ( 3 , 1 , 2 )

60 p lo t ( t , c ( : , 1 ) , ’−.b∗ ’ )

61 hold on

62 p lo t ( t , c ( : , 2 ) , ’−. r ∗ ’ )

63 t i t l e ( ’ consumption ’ )

64 subp lot ( 3 , 1 , 3 )

65 p lo t ( t , h ( : , 1 ) , ’−.b∗ ’ )

66 hold on

67 p lo t ( t , h ( : , 2 ) , ’−. r ∗ ’ )

68 t i t l e ( ’ l abor ’ )

69 saveas ( gcf , ’ shock . png ’ )
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Exercise 2: Anticipated Interest Rate Decline

Consider a small open endowment economy enjoying free capital mobility. Preferences are de-

scribed by the utility function
∞!

t=0

βt ln ct

with β ∈ (0, 1). Agents have access to an internationally traded bond paying the interest rate rt

when held from period t to period t + 1. The representative household starts period zero with

an asset position b−1. Each period t ≥ 0, the household receives an endowment yt. Households

know the time paths of {rt} and {yt} with certainty. The sequential budget constraint of the

household and borrowing limit are given by, respectively

ct +
bt

1+rt
= yt + bt−1

limj→∞
bt+j!j

s=0(1+rt+s)
≥ 0

(a) Derive the household’s present value budget constraint.
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(b) Derive the equilibrium paths of consumption and assets.
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Assume now that in period 0 it is learned that in period t∗ ≥ 0 the interest rate will decline

temporarily. Specifically, the new path of the interest rate is

rt =

$
rt for all t ≥ 0 and t ∕= t∗

r′t∗ < rt∗ for t = t∗

(c) Consider a storage economy with yt = 0 for all t and b−1 > 0. Find the impact of this

anticipated interest rate cut on consumption at the date of announcement; that is, find

ln c′0/c0 where c′t denotes the equilibrium path of consumption under the new interest

rate path, and ct denotes the equilibrium path of consumption under the old interest rate

path. Discuss whether this anticipated future rate cut stimulates demand at the time it is

announced. Provide intuition.
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(d) Consider now an endowment economy with b−1 = 0 and yt = y > 0 for all t. Find the

impact on consumption of this anticipated interest rate cut and analyze whether the impact

in period 0 is equal in size to the anticipated interest rate cut and whether it depends on

the anticipation horizon t∗. That is, do anticipated interest rate cuts have a smaller effect

on current consumption the further in the future they will take place? Provide intuition

for your findings.
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Exercise 3: Predicted Second Moments

Consider a small open endowment economy with preferences described by the utility function

E0

∞!

t=0

βt

%
−1

2
(ct − c̄)2

&

The sequential budget and the sequence of borrowing constraints are given, respectively, by

ct + (1 + r)dt−1 = yt + dt

lim
j→∞

Et
dt+j

(1 + r)j
≤ 0

Output, yt, follows an AR(1) process

yt − ȳ = ρ (yt−1 − ȳ) + εt

where εt
iid∼ N

'
0,σ2

ε

(
. Assuming that ρ = 0.9,σε = 0.03, ȳ = 1, r = 1/β − 1 = 0.1, d−1 = ȳ/2,

and y−1 = ȳ, discuss the results after completing the following procedure

(i) Simulate the economy for 100 years and discard the first 50 years.

(ii) Compute growth rates of output and consumption and the trade-balance-to-output ratio.

(iii) Compute the respective standard deviations of the growth rates and the correlation between

output growth and the trade-balance-to-output ratio (i.e., σgy,σgc and ρgy,tby).

(iv) Replicate steps 1-3 1,000 times while, for each replication, keeping record of σgy,σgc and

ρgy,tby.

(v) Report the average of σgy,σgc and ρgy,tby over the 1,000 replications.
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1 % Code adapted from the work by Mattias Almgren ( IIES )

2 c l e a r a l l ;

3 c l c ;

4

5 %% se t parameters and s t a r t i n g va lue s

6 par . rho = 0 . 9 ; % AR(1) parameter f o r income proce s s

7 par . s igma_vareps i lon = 0 . 0 3 ; % var iance o f output shock

8 ybar = 1 ; % mean output

9 par . r = 0 . 1 ; % exogeneous i n t e r e s t r a t e

10 d_minus1 = ybar /2 ; % s t a r t i n g value sav ing s

11 y_minus1 = ybar ; % s t a r t i n g value income

12

13 %% Simulat ion

14 % simulate output p roce s s once

15 par .T = 100 ; % number pe r i od s to s imulate .

16 par . Tdiscard = 50 ; % number pe r i od s to d i s ca rd .

17 par . Ni te r = 1000 ; % number o f r e p l i c a t i o n s

18

19 moments = NaN( par . Niter , 3 ) ; % pre−a l l o c a t e matrix f o r s t o rage o f moments

20 rng (1234) % seed f o r random number genera to r . For

r e p r o d u c i b i l i t y .

21 f o r i t e r = 1:1000

22 % pr e a l l o c a t e ve c t o r s to s t o r e r e a l i z e d outcome

23 ytemp = NaN( par .T, 1 ) ;

24 ctemp = NaN( par .T, 1 ) ;

25 dtemp = NaN( par .T, 1 ) ;

26 tbtemp = NaN( par .T, 1 ) ;

27 ytemp (1) = y_minus1 ; % manually i n s e r t s t a r t i n g value f o r output

28 dtemp (1) = d_minus1 ; % manually i n s e r t s t a r t i n g value f o r sav ing s

29

30 f o r t t = 2 : par .T

31 ytemp( t t ) = par . rho ∗ ( ytemp ( tt −1) − ybar ) + ybar + random( ’Normal ’ , 0 ,

par . s igma_varepsi lon , 1 , 1 ) ;

32 ctemp ( t t ) = ybar + ( par . r / (1 + par . r − par . rho ) ) ∗ ( ytemp ( t t ) − ybar

) − par . r ∗dtemp( tt −1) ;

33 dtemp( t t ) = dtemp( tt −1) − ( (1−par . rho ) / ( 1 + par . r − par . rho ) ) ∗ (

ytemp ( t t ) − ybar ) ;

34 tbtemp ( t t ) = ( (1−par . rho ) / (1+par . r−par . rho ) ) ∗ ( ytemp ( t t ) − ybar ) +

par . r ∗ dtemp( tt −1) ;

35 end

36

37 % compute trade−balance−to−output

38 tby = tbtemp . / ytemp ;

39

40 % ca l c u l a t e growth rate s , and d i s ca rd par . Tdiscard f i r s t pe r i od s

41 gy = log ( ytemp ) − l agmatr ix ( l og ( ytemp ) ,1 ) ;

42 gy = gy ( par . Tdiscard +1:end ) ;

43
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44 gc = log ( ctemp ) − l agmatr ix ( l og ( ctemp ) ,1 ) ;

45 gc = gc ( par . Tdiscard +1:end ) ;

46

47 tby = tby ( par . Tdiscard +1:end ) ;

48

49 % compute standard dev i a t i on s o f r e s p e c t i v e growth s e r i e s

50 sigma_gy = std ( gy ) ;

51 sigma_gc = std ( gc ) ;

52 rho_gytby = cor r ( gy , tby ) ;

53

54 % sto r e moments in r e s u l t matrix

55 moments ( i t e r , 1 ) = sigma_gy ;

56 moments ( i t e r , 2 ) = sigma_gc ;

57 moments ( i t e r , 3 ) = rho_gytby ;

58

59 end

60

61 average_moments = mean(moments ) ;

62

63 di sp ( [ ’ sigma_gy = ’ , num2str ( average_moments (1 ) ) , ’ , sigma_gc = ’ , num2str (

average_moments (2 ) ) , ’ , rho_gytby = ’ , num2str ( average_moments (3 ) ) ] )
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