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1. Introduction

Evidence suggests that inequality and information frictions play significant roles in
shaping the transmission of aggregate shocks. The proportion of households that are
financially restricted is 34% in the U.S., in an upward trend since 2001, and around
31% in Europe with some countries exhibiting values greater than 40% (Kaplan et
al. 2014; Almgren et al. 2022).! Recent theoretical and empirical studies suggest that
economies with higher levels of inequality respond more to fiscal and monetary shocks.?
Coibion and Gorodnichenko (2015) provide evidence of forecast underreaction to news
in surveys of expectations to consumers, firms, professional forecasters, and central
bankers. Empirical evidence suggests that households’ and firms’ underreaction to
shocks reduces their effect, increases their persistence, and that the role of general
equilibrium (GE) effects after a monetary policy shock is initially dampened (Angeletos
et al. 2021; Holm et al. 2021; Gallegos 2023).

To understand transparently the mechanism of the interaction of these two forces,
financial and belief frictions, I build a tractable Heterogeneous-Agents New Keynesian
(HANK) model, based on Bilbiie (2021), extended with noisy information a la Angele-
tos and Huo (2021).3 This framework incorporates key micro-heterogeneity inputs of
the quantitative literature: cyclical inequality, idiosyncratic risk, and precautionary
savings, which together generate heterogeneous marginal propensities to consume
(MPCs). In the benchmark Full Information Rational Expectations (FIRE) setup, more
unequal economies react more to exogenous shocks under plausible assumptions. This
amplification result arises from the higher MPCs of financially constrained households,
and depends on the FIRE assumption at the GE dimension. In the FIRE setting, agents
face no uncertainty on the exogenous fundamental and, since information sets are
homogenous across individuals, on others’ actions. In this paper, I accommodate such
doubts. I explore the amplification result under an empirically-consistent deviation
from the FIRE assumption in which agents have imperfect and dispersed information
about the state of nature, following Lucas (1972). At the individual level, agents need
to forecast both the exogenous fundamental (the monetary policy shock) and aggre-
gate variables that are endogenous to individual actions (output and inflation). As a

1A household is financially restricted if it has no liquid savings to self-insure against adverse shocks.

2See Gali et al. (2007); Brinca et al. (2016) for the fiscal policy case, and Bilbiie (2008, 2021); Almgren et
al. (2022) for the monetary policy case.

3Auclert et al. (2020); Pfauti and Seyrich (2022) also study the interaction between these two frictions
under sticky information and bounded rationality, respectively.



result, an agent needs to predict other agents’ actions. I study how the PE vs. the GE
dynamics are affected by higher-order beliefs in the beyond FIRE framework, muting
the amplification effect.

I use this setting to study determinacy with interest rate rules, where imperfect
information relaxes the lower bound on the monetary authority dovishness. I also solve
the forward-guidance puzzle (FGP) and study the different effects of a pure monetary
policy shock vs. an “animal spirits” shock.

Amplification. As laid out by Bilbiie (2021, 2008); Gali et al. (2007), as well as richer
models by Gornemann et al. (2016), Werning (2015), Auclert (2019) and Hagedorn et
al. (2019), whether aggregate shocks have bigger or smaller effects on aggregate con-
sumption, compared to the representative agent framework, is ambiguous. In a model
that combines the tractability of TANK models with the most important elements of
heterogeneous agent models, Bilbiie (2021) shows that the output response to shocks is
amplified if the income elasticity of constrained agents with respect to aggregate income
is larger than one. He refers to this case as cyclical income inequality; a channel which is
strengthened if a larger fraction of agents is constrained.* Using Norwegian adminis-
trative data, Holm et al. (2021) decompose the households’ consumption responses to
monetary shocks into PE and GE effects by controlling for households’ income changes
throughout the impulse response, and find that the IRF is initially driven by the PE
effects. Angeletos and Huo (2021) show that dispersed information attenuates the GE ef-
fects associated with the Keynesian multiplier and the inflation-spending feedback in a
RANK economy. I extend their setup by including financial constraints and HtM agents,
and study the implications of dispersed information for the amplification multiplier.
The magnitude of the amplification multiplier is dampened in the dispersed infor-
mation framework, in which PE effects dominate GE effects in the first year after the
shock, compared to the FIRE case in which the PE vs. GE share is constant over time. In
this private and dispersed information economy, agents need to forecast the exogenous
fundamental and aggregate inflation and output. The forecast of the fundamental does
not give rise to higher-order beliefs, since the realization does not depend on others’ ac-
tions and agents do not need to predict others’ beliefs about the fundamental. However,
forecasting aggregate output and inflation has the additional complication of dealing

4Almgren et al. (2022); Patterson (2022) find empirical evidence for this assumption. In models that
focus on the cyclicality of income risk, e.g., Werning (2015), the amplification of aggregate shocks is
caused by an increase in the probability of becoming constrained for the unconstrained, which leads the
latter to save more and consume less.



with higher-order beliefs. In the standard framework, first-order and higher-order
beliefs coincide, whereas in this case higher-order beliefs are more sticky than lower-
order beliefs (more anchored to priors). As a result, the expectations of endogenous
aggregate variables adjust less to news, and are more anchored to priors, attenuating
the GE effect. Aggregate dynamics are initially driven by PE effects, consistent with the
empirical findings in Holm et al. (2021). Over time, the aggregate dynamics rely more
on GE effects, until the PE share converges to the full information benchmark. Formally,
imperfect information reduces the degree of complementarity of actions across agents
and partially mutes the amplification mechanism that critically relies on them. I find
that (i) the peak response of output is about 1/3 of that in the FIRE case, consistent with
empirical evidence (Ramey 2016); (ii) impulse responses are hump-shaped, which the
standard FIRE framework can only produce if there is habit formation, price indexation,
and lumpy investment;® and (iii) when income inequality is countercyclical (the case
studied in Bilbiie 2021), the response of output after a monetary policy shock is amplified
by 7.72%, compared to 10.28% in the FIRE model. That is, dispersed information reduces
the amplification multiplier and the overall effect of monetary policy.

Forward Guidance. Inthe NK framework, the determinacy region is ultimately linked
to the forward-looking behavior of the model equations. The Taylor rule provides an es-
sential stabilization role, and an excessively dovish monetary authority ends up creating
explosive dynamics in the model equations. Del Negro et al. (2012); McKay et al. (2016);
Andrade et al. (2019); Hagedorn et al. (2019); Angeletos and Lian (2018) have contributed
to a growing literature that tries to find an explanation for the FGP from different angles,
my approach combining those of Hagedorn et al. (2019) and Angeletos and Lian (2018).
I find that, although there is compounding at the aggregate DIS curve arising from
countercyclical income inequality, higher-order uncertainty induces enough anchoring
to cure the FGP, a failure of the standard NK framework. Because expectations play a key
role in the determination of aggregate variables, anchoring in expectations translates
into intrinsic persistence in endogenous aggregate variables and myopia towards the

SHavranek et al. (2017) present a meta-analysis of the different estimates of habits in the macro
literature and the available micro-estimates. In general, macro models take values around 0.75, whereas
micro-estimates suggest a value around 0.4. Groth and Khan (2010) conduct a similar analysis for the
investment adjustment frictions case, finding that the microeconomic estimates an order of magnitude
below the ones used in the empirical macro literature, in which they are estimated to minimize the
distance between model dynamics and empirical IRFs. Finally, the price-indexation model suggests that
every price is changed every period, which is inconsistent with the micro-data estimates provided by
Nakamura and Steinsson (2008).



future. These two results, taken together, enlarge the determinacy region of interest
rate rules and solve the FGP, consistent with the cognitive discounting framework in
Gabaix (2020).

Beliefs Shocks. The last contribution is to study expectation shocks. I consider the case
of public information, and I show that even if the non-fundamental shock is transitory,
its effects are persistent, which aligns with the findings in Lorenzoni (2009). Because
agents cannot fully disentangle whether the shock to the signal that they have observed
comes from the fundamental monetary policy rule or the non-fundamental noise part,
the “animal spirits” shock partially inherits the properties of the pure monetary shock,
which in turn explains its persistent consequences. In a second extension, I consider
both public and private information. I find that monetary policy is more effective than
in the public information case, and the effect of belief shocks is lessened, as a result
of effectively reducing the degree of information friction by including an additional
signal.

Roadmap. The paper proceeds as follows. In section 2 I describe the reduced-form
theoretical framework, focusing on both household financial heterogeneity and dis-
persed information, and derive the equilibrium dynamics. In section 3 I discuss the
different implications and insights provided by our HANK model beyond FIRE: the
amplification multiplier, the role of the PE vs. GE share, the FGP, and “animal spirits”
shocks. In section 4 I extend the theoretical setup to include firms, whose actions affect
households, and study the applications and insights in the extended framework. Section
5 concludes the paper.

2. The Analytical HANK Beyond FIRE Model

The HANK framework described in this section is a reduced-form version of the standard
incomplete markets model, based on Bilbiie (2021). Households face an idiosyncratic
risk of not being able to access asset markets, instead of risky labor income. This simpli-
fying assumption allows me to solve the model in paper and pencil, and still provides the
desired precautionary savings motive that two-agents New Keynesian (TANK) models
lack. On top of household heterogeneity concerning their market participation, agents
face uncertainty about the state of nature. They receive idiosyncratic signals about the
true state, which endogenously generates heterogeneous information sets. Since agents



rely on different information, their beliefs and forecasts will differ. This aspect will be
crucial for forecasts of endogenous aggregate variables like output or inflation. This
gives rise to higher-order beliefs: to forecast these endogenous outcomes, an agent
needs to forecast the action of other agents, and other agents need to forecast the action
of others, ad infinitum.

For simplicity, I consider only the demand side of the economy in this section. I
extend the model to firms in section 4.

2.1. Households

There is a measure-1 continuum of ex-ante identical consumers in the economy, indexed
by i € J; = [0,1]. Household i maximizes an infinite stream of its expected utility
over consumption and its dis-utility over labor supply, >, B'E;;u(C;, N;;), where C;;
denotes household i’s consumption decision at time ¢, and N;; denotes its labor supply
choice. Notice that, differently from standard FIRE models, there is an i subscript in the
expectation operator, as a result of the heterogeneity in information sets and forecasts.

Financial frictions are exogenous to individual behavior. In every period, a household
is either financially constrained or not. If the household is financially constrained, it
is unable to save and loses access to the firm profits, but keeps access to previous-
period savings.® I denote constrained households as Hand-to-Mouth (HtM). In contrast,
unconstrained households benefit from having access to asset markets and firm profits.
To insure against the risk of becoming constrained, which entails losing access to part
of their resources (firm profits) and the ability to borrow, unconstrained households
save in bonds (precautionary savings).

In every period the household learns if it will be financially constrained or not
in that period. The exogenous shock takes the form of a Markov chain. Denote by s
the probability of remaining unconstrained, denote by h the probability of remaining
constrained, and denote by 1 - s and 1 - h the respective transition probabilities. For
simplicity, I assume that the Markov process induces a stationary distribution. Formally,
the share of HtM agents A is given by A = (1-5)/(2 - s — h). Notice that this analytical
HANK framework nests the TANK model when s = h =1 (i.e., in the first period the state
of each household is revealed and will never change), and the RANK economy when
A=0.

This will be innocuous for the analysis since assets are in zero net supply.



Unconstrained households. A share (1- A) of unconstrained households have access to
financial income B;;; they also have access to labor income W] N;;, where W/ is the aggre-
gate real wage rate. Finally, they receive the untaxed share of firm profits (1-tp)/(1-A)E,
where Tp is the profit tax rate and E;. With these resources, an unconstrained household
can either consume or save in bonds B;; for tomorrow. The solution to their problem,
derived in Appendix B, is given by an individual Euler condition, C;° > BE;; (RtCi‘t‘il),
where I have assumed that utility takes a CRRA form, with o denoting the intertemporal
elasticity of substitution and ¢ the inverse Frisch elasticity. Opening up the expectation
operator, considering on which state the household can potentially go to (Markov struc-
ture), the condition can be written as (Cft)‘d = BE;; {Rt [s (Ciﬂ) s (1-5) (Cgﬂ) _G} }
The intratemporal optimality condition of the household i € S problem is

@ E; ;Wi = (Cigt)d (th> ’

which is the optimal labor supply decision.

Hand-to-Mouth households. In contrast, a share A of households is financially con-
strained. They are banned from asset markets and do not have access to firm dividends,
but they still have an intratemporal decision on how much labor to supply, and receive
the taxed share of firm profits as government transfers, TTDEt. Formally, household i € H
only faces an intratemporal labor decision. The optimal labor supply condition satisfies

o P
e, Wi = () (NH)".

2.2. Fiscal and Monetary Policy

I assume that the government, which conducts fiscal and monetary policy, does not
face any information friction. In fiscal terms, on top of the aforementioned optimal
production subsidy, it conducts a redistribution scheme: it taxes profits from uncon-
strained households and rebates the proceedings to the constrained. In log-linear terms,

ef = 11_3? erand e’ = TTDet. Furthermore, in the only demand-side setup, monetary policy

is conducted in reduced-form via an exogenous AR(1) real interest rate process

(2) r+ = pre1 + Oegy, et ~ N(0,1).



2.3. The Dynamic IS Curve

As in the textbook NK, the demand curve can be summarized as a single equation; but
it cannot be collapsed into a first-order expectational difference equation since the
hierarchy of beliefs prevents the LIE from holding at the aggregate level. In this case,
the individual average-household-level DIS curve is given by

B

B) ;= _E(l = NEure +[1-BA-AX)IE; y; + BIS(L - AX) - LEjpcre1 + BEjC; 141

where a lower case variable denotes the logarithm of the capital letter variable, x; =
logXs, x =1+ ¢ (1- TTD) measures the degree of amplification with respect to RANK
(if x > 1there is an amplification and if x < 1 there is lessening), and 6 =1+ %
measures the degree of compounding at the consumer’s Euler condition (if 5 > 1 there
is compounding and if § < 1 there is discounting).” Iterating forward and aggregating

across agents, the aggregate DIS curve can be written as

@y, = _%(1_ A) Z BRESr . + [1- BA - AIESy, + (6 - B)(1-Ax) Z BRE; viur
k=0 k=1

where Ei(-) = fol E;;(-) diisthe cross-sectional average forecast across households.

Conditions (3)-(4) are derived under a general information structure, in which I relax
the assumption that the aggregate household expectation operator satisfies the LIE and
where agents do not observe aggregate variables. Each household’s decision (3) can be
described as a beauty contest in which it needs to forecast current real interest rates
and future output, which in turn depend on each other households’ actions.

Note that, given that the inverse of the Frisch elasticity is strictly positive (¢ > 0),
X > lif tp < A. There is an amplification of the effects of real interest rate changes if
X > 1 or if income inequality is countercyclical (tp < A), and a dampening otherwise.
Almgren et al. (2022) find empirical evidence for the amplification effects of real interest
rate, and I, therefore, focus on the case x > 1, which in turn implies 6 > 1. Under FIRE,
b > 1 (coming from the precautionary savings motive) induces compounding in the
aggregate DIS curve.

Absent information frictions, first-order beliefs coincide with higher-order beliefs
and one can simplify the above expression by making use of the LIE at the aggregate

’The model derivation is relegated to Appendix B.



level and obtain

1 1 —
) Ye= - Bert + 0Bty = > =
k=0

where v = G%. A counterfactual consequence of compounding is that the FGP is

exacerbated. In the FIRE benchmark, one cannot have any amplification and cure the
FGP simultaneously (without including aggregate risk). This is a situation that Bilbiie
(2021) denominates Catch-22.

The beyond FIRE framework solves the Catch-22. In this case there is discounting in
the aggregate DIS curve even if the individual Euler condition preserves compounding
due to precautionary savings. Aggregate outcomes depend on expectations, which move
sluggishly due to an endogenous anchoring to priors. This anchoring in expectations
translates into both intrinsic persistence in outcomes and myopia about the future. I
show in section 3.2 that this myopia is sufficiently large to outweigh the compounding
induced by the precautionary savings motive.

2.4. Information Structure

Households can observe their current private variables (their wage, the consumption
and saving decisions they make, the transfers they receive) but not aggregate variables.
For instance, they observe all goods prices and are thus able to see the (current) aggre-
gate price index, but they do not observe the output, inflation, the nominal interest
rate, or the monetary policy shock.® Every period, each agent receives a dose of private
information on the aggregate fundamental. Formally, there is a collection of private
Gaussian signals, one per agent and period. In particular, the period-t signal received
by household i is given by

(6) Xjp = Tt + Oyllyy, u;; ~ N(0, 1).

where 0, > 0 parameterizes the noise in the private signal.

81 assume that agents observe the price level, but do not use this piece of information to form expecta-
tions. Vives and Yang (2016) motivates this through bounded rationality and inattention, while Angeletos
and Huo (2021) argue that inflation contains little statistical information about real variables. Huo and
Pedroni (2021) allow for endogenous information, but such a choice complicates the dynamics and a
closed-form solution is not feasible.



2.5. Equilibrium Dynamics

The equilibrium dynamics must satisfy the individual-level optimal policy functions
(3), and rational expectation formation should be consistent with the real interest rate
process (2) and the signal process (6). I show in Proposition 1 that the solution to the
fixed point is simply an AR(2) process.

PROPOSITION 1. In equilibrium, aggregate output obeys the following law of motion

d 1
@) Ye=VYp - (1-5) mrt

where 9 is a scalar that is given by the reciprocal of the largest roots of the polynomial of the
following matrix

2
P(2) = (B -2)(z - p) (z é) - 8 (1= Ax)2(6 - 2

oup
PROOF. See Appendix A. O

In this framework, ¥ governs information frictions. When the signal noise is high
enough such that the signals are completely uninformative, ¥ reaches its maximum
value of p. The beyond FIRE model produces intrinsic persistence without assuming
habit formation, and equilibrium dynamics are more persistent, and less sensitive to
real interest rate changes, as a result of sluggish expectations and imperfect attention.
On the contrary, when the signals are perfectly informative, 9 = 0. In that case, which is
simply the FIRE NK model, the model dynamics are given by y; = —ﬁrt whenever
d € (0,1), and are indeterminate otherwise. Given that I focus on the case 6 > 1,
the following corollary documents the degree of information frictions necessary to
outweight the forward-lookingness introduced by precautionary savings.

COROLLARY 1. The equilibrium dynamics described by (7) exist and are unique if A < Hﬁ’% =

« 2 . (1-B)(-p)?
N and & < sy

PROOF. See Appendix A. O

First, the model requires a moderate degree of amplification. The first condition
requires 1 - Ax > 0. Under the parametric space studied in Bilbiie (2021), this implies
that the share of HtM agents should not exceed 59.5%. Kaplan et al. (2014) find that
the share of HtM agents does not exceed 40% in a cross-country comparison. Second,



the model requires a sufficiently high degree of information frictions, modulated by
the compounding &: the larger the degree of compounding, the larger is the degree of
myopia required.

Comparative Statics: Interaction between Financial and Information Frictions. 1now
study the interaction between information and financial frictions. I focus in the ampli-
fication case tp < A, which implies x > 1 and 6 > 1. In proposition 1, I have documented
how are the equilibrium dynamics affected by the information frictions parameter
9(0, p). A larger ¥ produces additional intrinsic persistence, generating hump-shaped
dynamics, and reduces the sensitivity of output towards the real interest rate. The
following corollary documents the interaction between the two frictions.

COROLLARY 2. The information-related parameter 9 is increasing in the share of HtM agents
A and decreasing in the persistence of the income process s.

PROOF. See Appendix A. O

First, I find that a larger share of HtM agents increases the effect of information
frictions, holding them constant. A higher share of HtM agents A € (tp, A*) amplifies
the effect of a given shock in the FIRE NK model. Under information frictions, a change
in the share of HtM agents also implies higher strategic complementarities across
agents, making them rely less on their private signals, and amplifying the consequences
of a given level of information on persistence and sensitivity. Second, similar to the
previous case, a decrease in s € (0, 1) increases the effects of information frictions. A
lower persistence of the income process maps to greater relevance of future GE effects,
captured in reduced form by & > 1. A larger & amplifies the effect of a given shock in the
FIRE NK model, and induces greater strategic complementarities among agents under
information frictions, making them less responsive to private signals. For a given level
of information frictions, this amplifies persistence and reduces the sensitivity towards
exogenous shocks.

Calibration. Table 1 reports the parameters used in the different analyses. All these
values are standard in the literature. The first block contains the standard RANK param-
eters. The discount factor 3, the intertemporal rate of substitution o, the inverse Frisch
elasticity ¢, and the autocorrelation p and the variance of the real interest rate shock
cr% have standard values in the literature, taken from Bilbiie (2021).

10



Parameter Description Value Source

B Discount factor 0.99 Bilbiie (2021)

o Intertemporal elasticity of substitution 1 Bilbiie (2021)

© Inverse Frisch elasticity 1 Bilbiie (2021)

O'% Variance of shock 1 Bilbiie (2021)

p Autocorrelation of real interest rates shock 0.8 Bilbiie (2021)
D Profit tax rate 0.19 Bilbiie (2021)

A Share of HtM 0.37 Bilbiie (2021)

s Pr(unconstrained;;|unconstrainedy) 0.96 Bilbiie (2021)

01% Consumer signal innovation variance 298 Coibion and Gorodnichenko (2015)

TABLE 1. Parameter values.

The second block contains the parameters related to household financial heterogene-
ity. These are taken from Bilbiie (2021) and include the probability of being financially
restricted s, set to match the quarterly autocorrelation of the income process in Guve-
nen et al. (2014), the profit tax rate Tp and the share of HtM A, jointly set to match the
aggregate MPC and the amplification magnitude in Kaplan et al. (2018).

The third block contains the parameters related to imperfect information. The
informational friction in our HANK beyond FIRE setting depends on how precise are
the signals that consumers receive. Coibion and Gorodnichenko (2015) focus on annual
inflation (GDP Deflator) expectations and regress the ex-ante average forecast error,
computed as the difference between the realized variable at t + 3 and the expectation at
time t of that variable at t+3, 7443 ¢~ F 7443 ¢, on the average forecast revision, defined as
the change in the forecast of a variable at time ¢ + 3 formed at time t minus the forecast
of that same variable formed at time ¢ -1, Fy7y43 s — F4_171443 ¢. I match the underrevision
coefficient of households in Coibion and Gorodnichenko 2015 (using data on forecasts
from the Michigan Survey of Consumers), B = 0.705.° For this purpose, I obtain the
model-implied coefficient in our HANK beyond FIRE, . The following proposition
serves that purpose.

PROPOSITION 2. In our beyond FIRE framework the regression coefficient 2 is given by

B = A3 Aud(1-A2)1+9)(1+9%)(1- pd)
T (0 =A) @+ AL+ A2+ A3 (B - Ay) 1= A0

To be precise, Coibion and Gorodnichenko (2015) estimate a variant of the above regression that does
not include forecast revisions (because the dataset does not permit the calculation) and include oil price
changes in an IV setup. However, they show that for the case of the SPF, in which they can perform both
estimations, the estimated coefficients are nearly identical.

11



(8) + (L ADL(P = Aw) B+ Ay) = Al = Aud)] = PAZ(L+ Au) (1= AyD)}

2
where Ayis the inside root of the polynomial D(z) = (1- pz)(p - 2) - %z

u

PROOF. See Appendix A. O

Note that A and ¥ are endogenous to the signal precision oy. I calibrate o, by
minimizing the square distance between the model-implied coefficient B2 and the
estimated coefficient in Coibion and Gorodnichenko (2015). This implies that O'%L =
2.9766.

3. Applications and Additional Insights

In this section, I study the different implications of the HANK beyond FIRE economy by
conducting several policy experiments. I exploit the two main frictions, financial and
informational, and explain their joint interaction and consequences. In particular, I
explain the key role of PE vs. GE effects and how these are affected by financial frictions,
I show that the model solves the FGP, and I obtain the effect of an “animal spirits” shock.
In section 4, the model is extended with a supply side and a Taylor rule, and I show
that the Taylor Principle is relaxed in the economy beyond FIRE (with the determinacy
region widened).

3.1. Response after a Real Interest Rate Shock

The HANK beyond FIRE differs from the textbook NK in two dimensions: household
heterogeneity and information frictions. To isolate the effects of both frictions, I study
these separately. I plot the impulse response of output after a real interest rate shock
in the FIRE economy in figure 1A (solid line). The peak response occurs on impact,
due to the lack of intrinsic persistence. Once I consider information frictions (dashed
line), the IRFs have the hump-shaped dynamics observed in the data (Christiano et al.
2005; Ramey 2016) without compromising the individual (monotonically decreasing)
responses to income shocks documented in Fagereng et al. (2019).

Amplification. Bilbiie (2008, 2021) finds that, under plausible parametric assumptions,
adding HtM households amplifies the response of aggregate variables to monetary

12
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FIGURE 1. Theoretical Dynamics of Output.

shocks. The proposed transmission mechanism works as follows. Unconstrained house-
holds change their consumption choice after a real interest rate shock (according to their
individual Euler condition), which in turn affects aggregate demand. Because wages
are fully flexible, they adjust to the new schedule. This is how real interest rate shocks
affect the HtM. Because they have a unity MPC, they will consume all income change
from wages and will magnify any change in aggregate demand. In figure 1B, I plot the
ratio between the output response to a real interest rate shock under a given HtM share,
and the output response under no amplification (tp = A), for different degrees of HtM
shares. Consider first the FIRE benchmark (solid line). The HtM transmission channel
is present: output responds more to real interest rate shocks the larger the share of HtM
agents, A. For the benchmark calibration A = 0.37, the peak output response is 69.28%
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larger than without financial frictions. Under information frictions (dashed line), the
amplification effect of HtM agents is still present but partially muted. A larger degree
of financial frictions leads to a larger response of output to real interest rate shocks, but
the multiplier is smaller than in the FIRE case. For the benchmark calibration, the peak
output response is 27.48% larger than without financial frictions. The HtM mechanism,
which operates through general equilibrium dynamics, is partially muted by dispersed
information.

PE vs. GE. Using Norwegian administrative data, Holm et al. (2021) decompose the
households’ consumption responses to monetary shocks into PE and GE effects by
controlling for households’ income changes throughout the impulse response, and find
that the IRF is initially driven by the PE effects. The results obtained in the beyond FIRE
framework can be interpreted as a rationale for this finding.

The amplification effect of HtM agents is present but dampened by information
frictions. The transmission mechanism proposed by Bilbiie (2008, 2021) relies heavily on
GE effects. Beyond FIRE, agents need to forecast the exogenous fundamental (the real
interest rate shock) and aggregate output. While the information friction environment
complicates the forecast of the fundamental, it does not give rise to any higher-order
beliefs since its realization does not depend on others’ beliefs and actions. On the
contrary, predicting aggregate output leads to higher-order beliefs: agents need to infer
what others believe since its realization hinges on their actions. These higher-order
beliefs, more anchored to priors at each increasing order, increase the sluggishness of
the GE dimension. As a result, aggregate dynamics are driven by PE effects in the initial
periods and, over time, rely more on GE effects until the PE vs. GE share converges to
the FIRE benchmark.

I decompose the total response in the DIS curve (4) into partial equilibrium (direct)
and general equilibrium (indirect) effect components:

o0 o0
©) = —%(1 “N> BREr g HL- BA-MOIE Y, + (6= B)YA-M) D BFEr i
. k=0 R k=1
PE g%fect GE ;,,ffect

In IRF terms, output at time t € {t,t +1,¢ + 2,...} after a real interest rate shock at
time f can be written in terms of the two PE and GE components, IRF; ¢ = 0 y,/0¢; =
OPE./0¢; + 0GE(/0¢;. Defining the PE share at time T as ur = PE{/(PE; + GE¢), the
following proposition provides the PE share 1 beyond FIRE.
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PROPOSITION 3. Beyond FIRE, the time-varying PE share |t is given by

B(1-Ax)(1-pd) p™1 - AL
1-pp p'r+1 —9ttl

PROOF. See Appendix A. O

I plot the aggregate output response, the PE response (grey shaded region), and
the GE response (light grey shaded region) after a real interest rate shock in figure 2A
(figure 2B reports the same dynamics in the FIRE economy). GE effects are arrested
in the first periods compared to the FIRE benchmark, consistent with the empirical
findings in Holm et al. (2021). Therefore, amplification, which nourishes from the GE
dimension, is partially muted. Figure 2C reports the PE share p (solid line) at each t
period after the real interest rate shock, together with the PE share under no information
frictions (dashed line). The GE share beyond FIRE is lower than in FIRE, and mutes the
amplification multiplier coming from HtM households.

To summarize, information frictions reduce the degree of complementarity of ac-
tions across agents, although the amplification mechanism is still present in the model.
Higher-order uncertainty effectively arrests and slows down the GE effect.

3.2. Forward Guidance

A documented failure of the standard NK model is the Forward Guidance Puzzle. Forward
guidance is an unconventional monetary policy tool used by central banks in a situation
in which the nominal interest rate (their main policy tool) is stuck at zero so that further
expansionary conventional policy is unfeasible. The central bank commits to keep the
nominal interest rate low (relative to what their Taylor rule would mandate), in the hope
of unanchoring the inflation expectations and output. Several central banks made use of
it in the recent financial crisis (see Angeletos and Sastry 2020 for a more comprehensive
treatment).

The (excessively) forward-looking standard NK model predicts that a forward guid-
ance t-shock (i.e., a promise at time t to shock the economy in period t > t by using
the real interest rate) has the same (or more) effect the more into the future it is promised.
This is easily verified from the FIRE DIS curve (5) iterated forward. In the standard
NK,v=0,5=1,and y; = -1/0 )2, E¢744;. Any future shock on the real interest rate
(a forward guidance shock) has an identical impact on today’s output, irrespective of
when is it realized. This is aggravated in the case of financial constraints, since the
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FIGURE 3. The Effect of Forward Guidance on current Output.

precautionary savings motive and amplification induce compounding (6 > 1), making
the process explosive: the further into the future that the shock takes place, the larger
is the increase in the output gap today (solid line in figure 3). This is the situation that
Bilbiie (2021) denominates Catch-22: a realistic amplification of monetary policy effects
aggravates the FGP. It is, however, wishful thinking that this policy tool is so effective.
Del Negro et al. (2012) study this empirically and find that forward guidance is indeed
less effective than what the theoretical model suggests.

Consider a situation in which the economy is stuck in a liquidity trap. Suppose
that the zero lower bound (ZLB) for nominal interest rates is binding between periods
t and T, such that T > t. I show in Proposition 4 that information frictions induce
intrinsic persistence and myopia at the aggregate level, as discussed in Angeletos and
Lian (2018); Angeletos and Huo (2021). This result is sufficient to cure the FGP, whilst
the amplification result is maintained.

PROPOSITION 4. (i) The ad-hoc equilibrium dynamics

1
(10) Y= WY Y OW R Yy - Tt
produce identical dynamics to the dispersed information model if

an w, = PO 89) .o P89
b= o2 p2 802 = 92)

(11) Dispersed information cures the FGP if one of the roots of the polynomial Q(x) =
dw fx2 - x + wy, lies outside the unit circle, and the other root lies inside the unit circle.
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Furthermore, the effect of forward guidance at period T on consumption in period t is given by

0y} & dw ¢ ’
FG = pr—
b+t OE 1+ wpV <C Wy

where ( € (0, 1) is the only inside root of the polynomial Q(x).
PROOF. See Appendix A. O

To study the effect of forward guidance, I first rewrite the equilibrium dynamics
under FIRE. Proposition 4 (i) delivers the ad-hoc dynamics (10), which under a certain
pair (wp, w¢) is observationally equivalent to the beyond FIRE dynamics (7). Dispersed
information adds intrinsic persistence and myopia in the DIS curve: compared to (5),
intrinsic persistence is added by introducing an additional lagged term, w}, and myopia
is introduced by the coefficient w f.m Part (ii) derives the output response today of
an expected real interest rate shock at time ¢ + 1. Notice that the FGP is only solved
if ¢ € (0,1) and the other root lies is greater than 1. Using the quadratic formula,
these two conditions are met when dw frwy <L Using (11), this can be written as
p(p - D) +d(1-9) > pd(p - 92), which is satisfied if the degree of information frictions is
sufficiently large. Under the parameterization in table 1, wj = 0.705 and w £ =0.1552,
which satisfies the restriction. In Figure 9B I plot the impact of a forward guidance
shock in period T on today’s output for each T under FIRE (solid line) and beyond FIRE
(dashed line). The FGP is cured, so the further into the future the forward guidance is
executed, the lesser the effect.

3.3. Beliefs Shock

What is the effect of an “animal spirits” shock? The benchmark model does not allow for
this exercise, since a shock to an individual signal does not have any effect on aggregate
variables. In this section, I replace private information with public information and
obtain the model dynamics after a shock to the common signal. Instead of the individual
signal, all agents receive a common and public noisy signal informing them of the real
interest rate shock v;. Formally, there is a collection of public Gaussian signals, one
per period and common across agents. In particular, the period-t signal received by all
agents is given by

(12) 2t =1t + Océ€t, er ~N(0,1)

1071 the FIRE NK model, wj, = 0 and w £ =1, and the DIS curve is reduced to (5).
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where o¢ > 0 parameterizes the noise in the common signal. The rest of the model is
unchanged. The following proposition summarizes the equilibrium dynamics under

public information.

PROPOSITION 5. In equilibrium, aggregate output obeys the following law of motion

B 9 1 9 1
) Vo= e (“5) V-9t (“5) Va9

where 9 is a scalar that is given by the reciprocal of the largest roots of the polynomial of the
following matrix

_ 1 02
Poupiic(?) = (B - 2)(z - p) (z - 5) "2 B(1-Ax)z(8 - 2)

PROOF. See Appendix A. O

The new equilibrium dynamics now contain an additional contemporaneous exoge-
nous shock €;. This term can be interpreted as a belief or “animal spirits” shock. Both
shocks have identical effects on impact on aggregate variables, given that agents cannot
completely disentangle the noise and the fundamental shock from the signal. However,
since the belief shock, €; is purely transitory, it has fewer long-lasting effects than the
real interest rate shock (see figure 4, dashed-dotted line). However, although the belief
shock is purely transitory, it produces persistent effects on output over time. This is the
result of having imperfectly informed agents, which cannot immediately differentiate
between a belief shock and a true real interest rate shock.

4. The Full Analytical HANK Beyond FIRE Model

So far I have only considered the demand side of the economy. Since the real interest
rate is assumed to be exogenous, output dynamics are orthogonal to inflation, and I do
not need to keep track of firms’ decisions. In this section, I decompose the real interest
rate into a nominal interest rate part and expected inflation, I assume that the nominal
interest rate follows a standard Taylor rule, which reacts to inflation and output, and I
explicitly model firms’ behavior and revisit the set of results presented in section 3. The
economy will be described as a pair of across-group dynamic beauty contests between
consumers and firms (the inflation-spending NK multiplier), with each group playing a
within-group dynamic beauty contest (the spending-income multiplier running within
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FIGURE 4. Impulse response of output after a 100 b.p. real interest rate shock under
FIRE (solid line), beyond FIRE (dashed line), and after a belief shock (dashed-dotted
line). To produce this figure I set the public signal noise to ¢ = 0y.

the demand block and the strategic complementarity in price-setting running within
the supply block).

4.1. Firms and the Phillips Curve

Households consume an aggregate basket of goods;j € J ¢ = [0, 1], which takes the form of

€e-1 -1
the standard CES aggregator, C; = ( fjf Cjte dj) ) , Wwhere € > 1is the constant elasticity

of substitution between different good varieties. Cost minimization from the final good

€
firm implies that the demand from each good is Gy = <Pjt/Pt+k> Ctk, Where Py/Pyis

1
good j’s price in relative terms to the aggregate price index, P; = ( fjf p}lt—e dj) ¢ Each
good is produced by an intermediate monopolistic firm that uses technology linear in
labor Yj; = Nj;.
Aggregate Price Dynamics. Nominal price rigidities take the form of a Calvo-lottery
friction. In every period, each firm can reset its price with probability (1-0), independent
of the time of the last price change. A measure (1 - 0) of firms can reset their prices
in a given period, and the average duration of a price is given by 1/(1 - 6). Such an
environment implies that the aggregate price dynamics are given (in log-linear terms)

by m; = fgf T dj = (1-96) [fgf i, dj - Pt-1} =(1-0) (pf - pr1)-
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Optimal Price Setting. A firm re-optimizing in period ¢ will choose the price P]’.‘t that
maximizes the current market value of the profits generated while the price remains

effective. Formally, P, = argmaxp, 3% 0¥Eje { Ay eet/Prvic [P evkte — Cork T 00| |
—-€
subject to the sequence of the demand schedules Y; ;,y; = <Pjt/Pt+k> Y;ir, where

/\t’t 1k = [Sk (Cé—;’<> - is the stochastic discount factor, C¢(-) is the (nominal) cost function,
and Y; ;. ; denotes output in period ¢ + k for a firm j that last reset its price in period ¢.

Note that, under flexible prices (6 = 0), ;-kt = 57 Wt Aggregating over firms I obtain
the standard result that the aggregate price level is greater than the aggregate marginal
cost, due to the markup of monopolistic firms: Py = ;5 W;. Aggregating the optimal
labor supply condition (1) over households, I obtain Ny = W;C;°. Combining the last
two conditions, I can write N?C? = W; = €T_1Pt < P;p = Wy, where P;p is the price set by
a hypothetical social planner. That is, inequality implies that output and employment
are below their efficient levels, which comes as a result of monopolistic competition.
To solve this suboptimality, the government implements the standard optimal subsidy
that induces marginal cost pricing, so that the model is efficient in equilibrium: with
the desired markup defined by P]*ft =5 1—115 W4, the optimal subsidy is ©° = Ll The

€—

profit function is Dj; = (1+1°)P;; Y}, - WeNj; - Tlf . The subsidy is financed by taxing firms
T{ = 1Y}, which gives the total profits Dy = P;Y; - W;Ny.
The (log-linearized) firm-level Phillips curve is given by

where k = w (o + ). Iterating forward and aggregating across firms, the aggre-
gate Phillips curve can be written as

(15) e =k0 > (BOVE] g+ (1-0) S (BOYE mpug
k=0 k=0

where E{ ()= fol Ejt(') dj is the cross-sectional average forecast across firms.!!

Conditions (14)-(15) are derived under a general information structure, in which
I relax the assumption that the aggregate firm expectation operator satisfies the LIE.
Each firm’s decision (14) can be described as a beauty contest in which they need to
forecast current output and inflation, which in turn depend on each household’s and

IThe model derivation is relegated to Appendix B.
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firm’s actions and their future optimal action.

4.2. Fiscal and Monetary Policy

As in section 2, I assume that the government does not face any information friction.
On top of the aforementioned optimal subsidy and redistribution scheme, monetary
policy is conducted following a Taylor rule of the form

(16) it =qnamt+Gyy,+ vt
(17) Vi = PVl + Oeét, et ~ N(0,1)

where the monetary policy shock v; follows an AR(1) process, to match the empirically

observed inertia in the interest rate.

4.3. Information Structure

Both types of agents, households and firms, are subject to information frictions: they do
not observe the fundamental shock and are uncertain about the state of nature. Every
period, each agent receives a dose of private information on the aggregate fundamental.
Formally, there is a collection of private Gaussian signals, one per agent and per period.
In particular, the period-t signal received by agent [ in group g is given by

(18) Xigt = Vet Ogliy gy, Upgr ~ N(0, 1)

where g = {household, firm}, oy > 0 parameterizes the noise in group g. Notice that, by
allowing oy to differ by g, I accommodate rich information heterogeneity (for example,
firms could on average be more informed than households.)

4.4. Equilibrium Dynamics

The equilibrium dynamics must satisfy the individual-level optimal policy functions (3)
and (14), and rational expectation formation must be consistent with the Taylor rule
(16), the exogenous monetary shock process (17) and the signal process (18). I show in
Proposition 6 that the solutions to the fixed points is a VARX(1), where the exogenous
component is the monetary policy shock.
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PROPOSITION 6. In equilibrium, the aggregate outcome obeys the following law of motion
(19) Xt = A1, 92)xs-1 + B(d1, V)t

where xt = [ Vi ﬂt} is a vector containing output and inflation, A(91,92) isa 2 x 2 matrix
and B(91,92) isa 2 x 1 vector

P1102291-P10P219 _ Y1o@1-97) _H _9
A=| WYubn-vodn Y112 , B= b (1= )t b1 ( g )
o + g2 < - ﬁ)

2192 (91-9) (129191 -P11P229)
where {1 gk}§=1 11 are fixed scalars that depend on deep parameters of the model, satisfying

3
Y11poo-b1pdo; Y11h22-b12do1 1- FI

(20)

K

2 2
- 1-pB —
j:zl% (1-Bp)[v(A-5p) + Pyl + k(dr-p)’ ;wzj (1-Bp)[v(1-5p) + byl + k(dr - p)

and (91, d9) are two scalars that are given by the reciprocal of the two largest roots of the
Cu(2) Cia(2)

characteristic polynomial of C(z) = [
Co1(2) C22(2)

] , Where

2 —
Cu@) =M {(B—Z) (2-3) G-+ Zgps o (1-me 2122 -5(1—7\x)”
P PO o

o B
Cra(2) = -Aiz—5 ~ (1= A)(1 - 2pr)
poy O
o2
C21(Z) = —7\2Z2—82K9
po3

1 o2
Cral@) = A [(rse %) (z —) (z- )+ 2502 (3 - B)]
p 003

2
where Ag, g € {1, 2} is the inside root of the polynomial D(z) = (1- pz)(p - 2) - %z
g
PROOF. See Appendix A. O

The equilibrium dynamics (19) follow a VARX(1) process. In this framework, 9; and
99 govern information frictions. When the signal noise is high enough such that the
signals are completely uninformative, 9; and 9, reach their maximum value of p. On
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Parameter Description Value Source

0 Calvo probability 0.75 Bilbiie (2021)
02 Variance of monetary shock 1 Bilbiie (2021)
o Inflation response in Taylor rule 1.5 Christiano et al. (2005)
by Output response in Taylor rule 0.1 Christiano et al. (2005)
P Autocorrelation of monetary shock 0.8 Christiano et al. (2005)
O'% Consumer signal innovation variance 3.50 Coibion and Gorodnichenko (2015)
cr% Firm signal innovation variance 3.50 Coibion and Gorodnichenko (2015)

TABLE 2. Parameter values.

the other hand, when the signals are perfectly informative, 8; = 9 = 0. The square
coefficient matrix A(91, 9») is endogenous to d; and 9, (the roots of its characteristic
polynomial), and we have A(0, 0) = 0. In that case, which is simply the FIRE NK model,
the model dynamics are given by x; = B(0, 0)v;.

Two aspects are worth discussing. First, the beyond FIRE model produces intrinsic
persistence, in the sense that A(91,99) 7 0, without assuming habits, adjustment costs,
or price indexation. Second, the equilibrium dynamics are less sensitive to monetary
policy changes. This is easily verified by comparing B(9, 92) and B(0, 0): each element in
B(91, 99) is smaller than each element in B(0, 0) (in absolute terms), given that {9, 95} €
[0, p]?.

Calibration. Table 2 reports the additional parameters used in the different policy
analyses. The first block contains the monetary policy parameters. The Calvo inaction
probability 0, variance of the monetary policy shock 02, taken from Bilbiie (2021), the
autocorrelation p set to match the empirically observed inertia in the Taylor rule, and
the Taylor rule coefficients ¢ y and ¢ to the values used in Christiano et al. (2005).

The second block contains the parameters related to imperfect information. Al-
though the framework is flexible to accommodate heterogeneous signals precision, I
restrict attention to households’ inflation forecasts and set 07 = 09 to match the under-
revision coefficient of households. In this case, the model-implied coefficient in the full
HANK beyond FIRE, B is given by the following proposition.

PROPOSITION 7. In our beyond FIRE framework the regression coefficient B2L is given by
3
A

Ber = o, <
(p =A@+ + A2 +23) Zizl bog 19}\1{’;,(
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i (p-0g)bag  [AOgL=AD)(1+9g)(1+02)(1- pdg)
(

— (1-A19g)(9g - M) 1- A9
(21) + 1+ AD{(p - Mg+ A1) = A (1= Ardg)] = pAZ(1+A1)(1- Adg)}
PROOF. See Appendix A. O

Note that the set (A1, 91, 92, V21, P992) is endogenous to the signals’ precisions o; and
09. I calibrate the pair (07, 02) by minimizing the square distance between the model-
implied coefficient B2L and the estimated coefficient in Coibion and Gorodnichenko
(2015). This implies that o = 0% = 3.4989.

4.5. Applications and Additional Insights

I study the different implications of the HANK beyond FIRE economy by conducting
several policy experiments, revisiting the results in section 3. I exploit the two main fric-
tions, financial and informational, and explain their joint interaction and consequences.
In particular, I show that the Taylor Principle is satisfied in the economy beyond FIRE
(with the determinacy region widened), I explain the key role of PE vs. GE effects and
how these are affected by financial frictions, I show that the model solves the FGP, and
I obtain the effect of an “animal spirits” shock.

4.5.1. Response after a Monetary Policy Shock

The HANK beyond FIRE differs from the textbook NK in two dimensions: household
heterogeneity and information frictions. To isolate the effects of both frictions, I study
these separately. I plot the impulse response of output after a monetary policy shock
in the FIRE economy in figure 5A (solid line). The peak response occurs on impact,
due to the lack of intrinsic persistence since x; = B(0, 0)v;. Two problems arise. First,
the finding that output increases by 1.25 p.p. after a 100 b.p. monetary policy shock
is excessive. The empirical macro literature generally presents results in the range
0f 0.2- 0.8 b.p. (see e.g. Ramey (2016) for a literature review.) Second, the peak of the
IRF occurs on impact, while empirical evidence suggests a hump-shaped IRF. I show
in the sequel that information frictions solve these puzzles, reconciling the micro-
and macro-econometric evidence. An additional counterfactual prediction of the FIRE
framework is that the policy rate increases after an expansionary monetary policy
shock (see figure 5C, solid line), as opposed to the decrease found by empirical evidence
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(Ramey 2016). Once I consider information frictions (dashed line), the peak effect in
output is around 1/4 of that of the standard framework, around 0.3 p.p. and in line with
the findings in Ramey (2016), and the IRFs have the hump-shaped dynamics observed
in the data (Christiano et al. 2005; Ramey 2016) without compromising the individual
(monotonically decreasing) responses to income shocks documented in Fagereng et
al. (2019). Finally, the nominal interest rate decreases after an expansionary monetary
policy shock.

Amplification. As argued in section 3, HtM households amplify the response of ag-
gregate variables to monetary shocks. In figure 5B I plot the ratio between the output
response to a monetary policy shock under a given HtM share, and the output response
under RANK, for different degrees of HtM shares (solid line). The HtM transmission
channel is present: output responds more to monetary policy shocks the larger the share
of HtM agents, A. For the benchmark calibration A = 0.37, the peak output response is
10.28% larger than without financial frictions. Under information frictions, the amplifi-
cation effect of HtM agents is still present but partially muted (dashed line). A larger
degree of financial frictions leads to a larger response of output to monetary shocks,
but the multiplier is smaller than in the FIRE case. For the benchmark calibration
A = 0.37, the peak output response is 7.72% larger than without financial frictions. The
HtM mechanism, which operates through general equilibrium dynamics, is partially
muted by dispersed information.

PEvs. GE. The amplification effect of HtM agents is present but dampened by infor-
mation frictions, which mute the GE dimension. Following (9), I decompose the total
response in the DIS curve into partial equilibrium (direct) and general equilibrium
(indirect) effect components, with the caveat that what I used to call PE effects are now
composed of pure PE effects coming from the monetary shock, the stabilization role of
the Taylor rule (16) and inflation expectations. The following proposition provides the
PE share ¢ in the full HANK economy.

PROPOSITION 8. Beyond FIRE, the time-varying PE share ur is given by

P (Zé:l ll)lg - 61) pT - Péz)q - Zézl(ﬂ)lgﬁg + 63])19§
pf[ =
0> g1 Wigh™ — 3 pmy 1907
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where

2
5, {[1_ B(L- A1+ (5 - B)(l—xx)ﬁﬁ} 2y
=1

2 A2(p-9)(1- pd)
57 =[1-BA-A)] Y Wi J
j=zl b p2(3]. -A)(1- 19]'7\1)

2. Mlp-9) [07\1(1 = BY;) + A19;(1- pAy) - p9;(1- Pl37\119j)}
+(E-BA-MB Dy p?(1-pB)(1-BINE®; - A - DjA1)

j=1
. P19%(p = A1)(1- pAy)
T 20 - A)(A-9A)

9.
{[1— B(L- A1+ (8 - B)(1 - A)B— {319}
J

PROOF. See Appendix A. O

I plot the aggregate output response, the PE response (grey shaded region), and
the GE response (light grey shaded region) after a monetary policy shock in figure 6A
(figure 6B reports the same dynamics in the FIRE economy). GE effects are arrested
in the first periods compared to the FIRE benchmark, consistent with the empirical
findings in Holm et al. (2021). While GE effects depend on the hierarchy of beliefs,
with each higher-order belief creating more intrinsic persistence, PE effects depend
partially on the expectations of the fundamental, which do not lead to higher-order
beliefs. Therefore, amplification, which nourishes from the GE dimension, is partially
muted. Figure 6C reports the PE share i (solid line) at each T period after the monetary
policy shock, together with the PE share under no information frictions (dashed line).
The GE share beyond FIRE is lower than in FIRE (except for the initial period), and
mutes the amplification multiplier coming from HtM households. As stressed before,
the PE effect is contaminated by higher-order beliefs, which results in a non-monotonic
PE share over time. The non-monotonic shape of the PE share depends crucially on
the hawkishness of the monetary authority. Suppose instead that the central bank
is less aggressive with respect to inflation, such that ¢, = 1. Figure 7 presents the
dynamics in that case, which are monotonically decreasing and closer to those in
section 3. Now, suppose that the monetary authority increases ¢ . This increase will
dampen GE effects, since nominal interest rates will react more to exogenous shocks to
provide the desired stabilization. This reduces the degree of strategic complementarities
(and increases strategic substitutability), affecting agents’ forecasting. Since strategic
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complementarities are less important, agents rely more on their private signal, and
forecasts become less anchored to priors. As a result, forecasts are closer to the FIRE
case, in which case GE effects dominate PE effects.

4.5.2. The Taylor Principle beyond FIRE

Extending the demand-side model in section 2 allows us to study the Taylor Principle.
As in the standard NK model, the Taylor Principle boils down to studying the determi-
nacy of the system (4), (15), (16) and (17). The equilibrium is indeterminate when the
current outcomes are excessively affected by expectations of the future. One should
therefore expect, as discussed in Gabaix (2020), that introducing myopia should widen
the determinacy region, making the system (4), (15), (16) and (17) stable for a larger set
of (¢, ¢ y) combinations.

I start discussing the FIRE benchmark. In the empirically factual case of ampli-
fication, & > 1 generates compounding in the DIS curve, the model becomes more
forward-looking, and the stability region is reduced. Part (i) in the following proposition

summarizes how financial frictions affect the determinacy region.

PROPOSITION 9. (i) The FIRE equilibrium exists and is unique if

22) (1- B8) + (b + &) > 0
(23) (1- BY1L-8)+ [~ ) + (1= B)b] >0
24 1+ BY(L+8) + [+ 1)+ (1+ B)by] > 0

(ii) The beyond FIRE equilibrium exists and is unique if

(25) 1-919, >0
(26) (1-97)(1-92) >0
(27) (1+91)(1+92) >0

and 91 and ¥, are the only two outside roots of polynomial C(z), defined in proposition 6.
PROOF. See Appendix A. O

In the TANK case § = 1, (24) is always satisfied for strictly positive Taylor rule
coefficients, condition (23) implies (22), and I am only left with k(¢ -1) + (1- )P > 0.
The term v is completely innocuous for determinacy. As a result, the determinacy

29



o
~

[ PE Effect
[ IGE Effect| |

o
w
T

PE, GE and Total Effects
o
N

0.1
0
2 4 6 8 10 12 14 16 18 20
Quarters
A. PE, GE and Total effect beyond FIRE.
7 15 \ \
3 I PE Effect
= [ |GE Effect
.,_(E |
o
[
©
e
S 4
w0
O
i
o
2 4 6 8 10 12 14 16 18 20
Quarters

B. PE, GE and Total effect under FIRE.

1 T
B —FIRE
gosr - — Beyond FIRE |
=
L0
w 0.6 - i
n- — —
So4f o7 T TTme--.. !
9 . L — e
I 7
ey [ |
502/

O | | | | |

0 5 10 15 20 25 30

Quarters

C. PE share pu¢ over time.

FIGURE 6. Total, Direct and Indirect Effects.

30



o
0

T
[ PE Effect
[ IGE Effect| |

o
)

o
V)

PE, GE and Total Effects
o
D

o

2 4 6 8 10 12 14 16 18 20
Quarters

A. PE, GE and Total effect beyond FIRE.

1 \
- ——FIRE
f_.ﬂ 0.8 - — — Beyond FIRE |
L
w 0.6 |
o | T-~o_
Soal 00 T Tm=a___ i
o o4y OO OmMm ===
g
wn 02 [ ]

O | | | | |

0 5 10 15 20 25 30

Quarters

B. PE share . over time

FIGURE 7. Total, Direct and Indirect Effects with ¢, = 1.

region in RANK and TANK is identical. It is ultimately &, which is the companion of the
forward-looking element in (5), that will drive the restrictions on the Taylor Principle.
Under HANK (with & > 1), the determinacy region is reduced. In that case, (24) is always
satisfied. The coefficient > 1is reducing the leftmost term in (22)-(23). As a result, the
rightmost element on the left-hand side in both conditions needs to be sufficiently larger.
Precautionary savings are reducing the determinacy region, which I report in Figure
8A, through compounding in the individual Euler condition.

I now turn to the beyond FIRE case. Under the parameter values reported in Table 2,
I conduct the beyond FIRE equivalent of Blanchard and Kahn (1980), which I summarize
in Proposition 9, part (ii). Condition (26) is usually the only one considered in the stan-
dard framework since the FIRE equivalent of conditions (25) and (27) is trivially satisfied.
In the beyond FIRE framework (25)-(27) are satisfied since {g}g=1 2 € [0, p]. The most
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restrictive condition is that 9; and 9, are the only outside roots of polynomial C(z). Note
that 9; and 9, are endogenously determined by the deep parameters in the model, so
that some parameterizations can yield an indeterminacy even if conditions (25)-(27)
are met but C(z) contains more than two outside roots. I plot the determinacy regions
both beyond FIRE and under FIRE in Figure 8B. Imperfect information widens the de-
terminacy region as a result of aggregate myopia, micro-founded through sluggishness
updating of expectations.

4.5.3. Forward Guidance

In the FIRE model, the Phillips curve is given by 7y = k y; + BE;7441, the DIS curve is
given by (5), and the Taylor rule is given by (16)-(17). Inserting the Taylor rule into the
DIS curve, one can write the model as a system of two first-order stochastic difference
equations, Ax; = BEsXyqg + Evt, where

VEdy bn B= ve 1 and C-= -
« 1| o pl’ 0

Premultiplying the system by A~! I obtain

A=

(28) Xt = 61& + gEtle

where & = A™'Band @ = A™1C. I show in Proposition 10 that information frictions induce
intrinsic persistence and myopia at the aggregate level, as discussed in Angeletos and
Lian (2018); Angeletos and Huo (2021). This result is sufficient to cure the FGP, whilst
the amplification result is maintained.

Consider a situation in which the economy is stuck in a liquidity trap. Suppose that
the ZLB for nominal interest rates is binding between periods t and T, such that T > t.
The following proposition rewrites the DIS curve beyond FIRE in FIRE terms, and proves
that there is no FGP anymore.

PROPOSITION 10. (i) The ad-hoc equilibrium dynamics

(29) Xt = WpXp 1 + 8W pErxpey + @V

) w w w w ) . .
with wy, = [ b1 b,12] and w g = [ fim Tfe produce identical dynamics to the

Wp21 Wp,22 Wyrop Wefoo
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dispersed information model if (wy, w ) satisfy

=[I-8w,A]A
(30) wp=l-owsdl
B-¢=08ws(A+p)B

The DIS curve can be written in FIRE terms as

1.
(31) V= Wy Vi1 ¥ WpnTe1 = (i = Bemten) + gy Br Ypy + W prBime
_ (dy)wptdrwy o _ (vrdy)wp 1ot drwy o) _ VW ggtws g
where wy,,, = S , Wy = s , Wey = —=5—==, and
_ vow )12+w ,22—1
Wfn = . v . :

(i1) Dispersed information cures the FGP if one of the roots of the polynomial Q(x) =
w g J,x2 - X + wy,, lies outside the unit circle, and the other root lies inside the unit circle.
Furthermore, the effect of forward guidance at period T on consumption in period t is given by

2 T
0 C 1 w w
FGt i+t = AR stwpegt e jzry ¢ fy
0E¢Tt+t Wpy \ v wby Wpy
where ¢ € (0, 1) is the only inside root of the polynomial Q(x).
PROOF. See Appendix A. O

In the benchmark NK model with no information frictions, wy, = wy; = w7, =0
and w fy=95 and the DIS curve is reduced to (5). A caveat of the above proposition is that
the scalars {wy,, Wy, W ¢y, W .} are not unique, although the dynamics are unique.
That is, different weights are consistent with the equilibrium dynamics described by (19).
Intuitively, agents’ actions can be anchored and/or myopic with respect to aggregate
output or inflation, or a combination of both. Hence, to study the dynamics in the
Phillips curve and the FGP, the theorist is left with one degree of freedom for each
equation. For {w ¢ 11, w21} € [0, 1], I plot in Figure 9A the space in which the FGP is
cured (that is, a polynomial Q(x) has only one inside root). Only the dark-shaded region
is consistent with (30) and cures the FGP.

Proposition 10 derives the general DIS curve in FIRE terms. To analyze the effects
of forward guidance, consider a situation in which the economy is stuck at the ZLB
in which nominal interest rates are binding at the zero constraint for k € (¢, t). The
ex-ante real interest rate is the (log) inverse of expected inflation, E;ry = -E¢mp4q, and
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the DIS curve (31) becomes

1
(32) Y= wbyyt—l + Wpr M1 — ; + wf7t Eﬂ't + wnytyt+1

Dispersed information adds intrinsic persistence and myopia in the DIS curve: intrinsic
persistence is added both via output and inflation by introducing two additional lagged
terms. Myopia is introduced by introducing a term w fy€ (0,1). The contemporaneous
effect of a real interest rate shock is also diminished since w ¢, < 0. In Figure 9B I plot
the impact of a forward guidance shock in period T on today’s output for each T under
FIRE (solid line) and beyond FIRE (dashed line). The FGP is cured, so the further the
forward guidance is implemented, the lesser the effect.

4.5.4. Beliefs Shock

Public Information. Consider a collection of public Gaussian signals, one per period
and common across agents. In particular, the period-t signal received by all agents,
regardless of their group g, is given by

(33) 2t =Vt + Oc€t, et ~ N(0,1)

where o > 0 parameterizes the noise in the common signal. The rest of the model is
unchanged. The following proposition summarizes the equilibrium dynamics under
public information.

PROPOSITION 11. In equilibrium, the aggregate outcome obeys the following law of motion
(34) Xt = A(91, 92)X¢-1 + B(D1, V2)ve + B(D1, Vo) et

where (91, 99) are two scalars that are given by the reciprocal of the two largest roots of the
characteristic polynomial of the following matrix

C2) = [Cn(z) C12(Z)]
Co1(2) Co2(2)

where
2
Ci(2) =5\{(B - 2) (z— 1) (z—p)+0—82z [z (1+ ﬂ) —5}}
Y poe v
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oz B

Ci2(2) = —5\2—2
poe Vv
2

(1-2zdn)

Cr(2) = _xzz‘f_sz k0
POe
2

Con(2) = A [(BG ~2) (z 1) (- p) + 5,62 (- B)
p po

€

N 2
where A is the inside root of the polynomial D¢ (2) = (1- p2)(p - 2) - %z
PROOF. See Appendix A. O

The equilibrium dynamics still follow a VARX(1) process, with an additional con-
temporaneous exogenous shock €;. This term can be interpreted as a belief or “animal
spirits” shock. Both shocks have identical effects on impact on aggregate variables, given
that agents cannot completely disentangle the noise and the fundamental shock from
the signal. However, since the belief shock, €; is transitory, it has fewer long-lasting
effects than the monetary policy shock (see figure 10A). Although the belief shock is
purely transitory, it produces persistent and hump-shaped dynamics of output over time.
This is the result of having imperfectly informed agents, which cannot immediately
differentiate between a belief shock and a true monetary policy shock. Notice also the
different response of the policy rate: after the expansionary monetary policy shock the
policy rate decreases. After the non-fundamental belief shock, the central bank raises
the interest rates to cool down the economy, which reduces the GE effect of the belief
shock (see figure 10B).12

Private and Public Information. What if instead of replacing private with public
signals, I allow agents to observe both private and public signals? I extend the model to
include public information and obtain the model dynamics after a shock to the common
signal. On top of the individual signal (18), all agents receive a common and public
noisy signal informing them about the monetary policy shock v;, (33). The following

proposition summarizes the equilibrium dynamics under public information.

PROPOSITION 12. In equilibrium, the aggregate outcome obeys the following law of motion

o0 oo
(35) xe= Qv Y AT+ 0 Afre,
=0 k=0

12To produce these figures I set the public signal noise to o¢ = 07 = 05.
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where

% 0 1-9/
Qv:[ﬂ)u 11)12]) Qu:[‘bn d>12]’ Azll ]) F:[ 1P]
Y1 a2 b1 b22 0 9 1-92/p
where { g, ¢ gk}§=1 11 are fixed scalars that depend on deep parameters of the model, and

(91, 92) are two scalars that are given by the reciprocal of the two largest roots of the charac-
teristic polynomial of the following matrix

C11(2) Cr2(2) Ci3(2) Cua(2)
C21(2) Co2(2) Co3(2) Caa(2)
C31(2) C32(2) C33(2) C34(2)
Cu(2) Ca2(2) Ca3(2) Caalz))

C(z) =

where  Cy1(2) - B {(1 - ) (1- %) ; M] Cio(2) -

b y(1-A)
[0}

Mot {B[5(1-7\>(<:_A];(Zl{_1;1f3z)(;’2;x+ )H Cis(z) = B }‘)Gﬁ (d)n ) Cuu(z) =

4 _ _ 2
—f,l(‘;iﬁf)l(ﬁ);fllz%@?, Co1(2) = 0, Cpp(2) = 1- B2% + Clz(z)c—‘lé, C3(2) = 0, Co4(2) = C14(2

) o

4
Cai(z) = -0%k6, Cap(a) = -—220ck% Cy3(z) = 1 - o? [1-9( %)}
0,

(z-A2)(1-A22)p02”’

_ __ Moi(-0)z _ _ _ Moixez
C34(Z) (Z—)\z)(l—)\ZZ’)QO‘ZJ C41(Z) OJ C42(Z) (2—7\2)(1—7\zz)p0‘%’ C43(Z)
Caqa(z) = 1- cr % @ ;‘\i;y(l(ai))z , and Ag, g € {1,2} is the inside root of the
. ( 2 2)o?
polynomial Dg(z) = (1-p2)(p - 2) - chg;(y;
PROOF. See Appendix A. O

The first aspect to notice is that the equilibrium dynamics do not follow a VARX(1)
process anymore unless Q, = Qy, which is not generally satisfied. In this case, the two
exogenous shocks no longer share the impact effect anymore, since agents can partly
disentangle them through the two signals. By introducing an additional signal, I am
effectively reducing the degree of information friction that agents face. Even if there
is an exogenous shock to the common signal, private signals will be unaffected. As a
result, agents will not fully react to the “animal spirits” shock. I find that the effect of
the belief shock is smaller than before, the monetary policy shock is more powerful
and the produced dynamics are closer to the standard FIRE dynamics (see Figure 10C).
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The policy rate dynamics are qualitatively similar to the only public information case
(see Figure 10D).

To summarize, adding public information reduces information frictions, which in
turn dampens the effect of any belief shock and enlarges the effect of monetary policy
shocks.

5. Conclusion

I study the transmission channel of monetary policy in HANK economies. The amplifi-
cation result in the FIRE benchmark relies on financially constrained households being
immediately affected after a monetary policy shock through the GE effects. By relaxing
the FIRE assumption, I show that a framework with dispersed information results in a
different PE vs. GE share than in standard FIRE models, and is consistent with recent
empirical evidence. By introducing dispersed information, the GE effects are dampened
in the initial periods, thus reducing the magnitude of the multiplier.

I use the theory to shed some light on other questions. I find that the framework
produces hump-shaped IRFs without resorting to ad-hoc micro-inconsistent adjustment
costs in habits, pricing, or investment decisions. Instead, I micro-found aggregate
sluggishness through expectation formation sluggishness, for which the literature has
found empirical evidence. I also show that dispersed information produces as if myopia,
which extends the equilibrium determinacy region and is crucial for the solution of the
forward guidance puzzle. Finally, I find that purely transitory “animal spirits” shocks
can generate large and persistent effects on output.
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Appendix A. Proofs of Propositions

Proof of Proposition 1. The best response of household iis a;; = @uE;ve + BuEjsaigrq +
YuEjar + ocuEita]-tH. Parameters {4}, {yu}, {xu} help parameterize PE and GE con-
siderations. Parameter {¢y} captures the direct exposure of household i to the ex-
ogenous shock. Iterating forward, a; = @u) ;2 BRE, v,y + YuEjpa; + Buyu +
) Y220 B’fLEitaHkﬂ. The aggregate action for household i is

00 2 00
(A1) at = Qu Z BﬁEtVHk + ZYuEtajt + (Buyu + o) Z BﬁEtaHkﬂ
k=0 1 k=0
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Notice that (A1) is equivalent to (4) if a = y,, v+ = 11, E¢(-) = E;(-), and the following
parametric restrictions are satisfied: @, = —[3(%_7\), Bu =B, Yyu=1-p1-Ax), and
oy = BIS(1-Ax) - 1].

I now turn to solve the expectation terms. I can write the fundamental representation

of the signal process as a system containing (2) and (6), which admits the following
state-space representation:

(A2) Zy=FZ; 1 + Ds;y, X = HZy +Il’Sit

. T . .
withF=p, @ = [Ge 0], Zi=r11,8; = [g; uit] yH=1,and¥ = [0 O-u} . Itis convenient

to rewrite the uncertainty parameters in terms of precision: define 1, = 0—12 , Ty 0—12 s
€ u

and Ty = % The signal system can be written as

.
€t

0—5 —l _l
(AS) Xit = mig + Oyl = |:Te2 Tu2:| [

1-pL

Ui
The Wold theorem states that there exists another representation of the signal process
(A3), x;; = B(L)w;; such that B(2) is invertible and w;; ~ (0, V) is white noise. Hence, I
can write x;; = M(L)s;; = B(L)w;;. In the Wold representation of x;;, observing {x;;} is
equivalent to observing {w;;}, and {xit} and {wf} contain the same information. Further-
more, note that the Wold representation has the property that both processes share
the autocovariance generating function, pyx(z) = M(z)MT(z 1) = B(z)VBT(z1). Given
the state-space representation of the signal process (A2), optimal expectations of the
exogenous fundamental take the form of a Kalman filter E;; vy = AyE;;_;v;_1 +Kx;;, where
Ay = (I- KH)F, and K is given by

(A4) K=pPHTV!
P=F[P-PH'VHP|F+ ®®T

I still need to find the unknowns B(z) and V. Propositions 13.1-13.4 in Hamilton (1994)
provide us with these objects. Unknowns B(z) and V satisfy B(z) = I + H(I - F2)"'FK and
V =HPHT +WYWYT, I can write (A16) as

(AS) P? + P[(1- p*)oy, - 07] - 0203, =0

from which I can infer that P is a scalar. Denote k = P and rewrite (A5) as k =
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% {1— p2 - Ty £ \/[Tw -(1- pz)]2 +4T£u}. I also need to find K. Now that I have

found P in terms of model primitives, I can obtain K using condition (A4), K = ﬁ
u

2
=111 Teu 1 Teuw )™ _
3 |stPt5 i\/<p+p+ ) 4|. One can show

I can finally write Ay, = p

that one of the roots A, lies inside the unit circle and the other lies outside as long
as p € (0,1), which guarantees that the Kalman expectation process is stationary and
unique. I set A, to the root that lies inside the unit circle (the one with the ‘-’ sign).

Notice that I can also write V in terms of A, V = k1 + 02 = TpTu’ where I have used the

pz — LAz
(1-p2)(1+ko?)  1-p2
can verify that B(z)VBT(z 1) = M(z)MT(z™1) = (p - Ay)(1- pAy) = AuTey.
Let us now move to the forecast of endogenous variables. Consider a variable f; =
A(L)s;;. Applying the Wiener-Hopf prediction filter, I can obtain the forecast as E;; f; =
[A@)MT(LYB(L) 1, VIB(L)x;;, where []+ denotes the annihilator operator.
I need to find the A(z) polynomial for each of the forecasted variables. Let us start

identity k = %. Finally, I can obtain B(z) =1+ and therefore one

from the exogenous fundamental v; to verify that the Kalman and Wiener-Hopf fil-

ters result in the same forecast. I can write the fundamental as v; = { ITSZL ol Sit =
-p

Ay(L)s;;. Let me now move to the endogenous variables. Guess that household 1’s pol-
icy function satisfies a;; = h(L)x;;. The aggregate outcome can then be expressed as

_1
ar = [aydi = [WL)x;di = h(L)Zsrer = {h(L) 1T—_£sz 0} s;ir = A(L)s;;. Similarly, the
own and average future actions can be written as a4 = %Sit and a;pyq = ML)X; 14 =

1 1
[ 2 D 2 h(L)] s;; = A;(L)s;;. I now obtain the forecasts,

Te” I(1-pD) L
_ e _ _ L AuTey 1-pL
E-ve = |A(LMT (OB D vIiB() La., = uteu )
itVt [ V(ML )B(LT) L (L) xig 1-pL)(L-Ay) |+ P l—AuLxlt
L)yl A 1-pL L) - bd1(Aw) A 1-pL
_ $1(L) uTeu p X = $1(L) - ¢1(Aw) AuTen P Xy G1(2) = 4
L-Ayly p 1-A4L L-A\y p 1-AyL 1-pz
(A6)
}\uTgu 1 }\u 1
= L=1-— ) ——x:. = G1(L)x:
p(1-pAy) 1- ?\uLxlt ( 0 ) 1- AuLxlt 1(D)xig
A(L) o<1l elmrrsol h(L) AuTey 1-pL
E. = |—-MT(L)B(L V7 B(L = ;
itG+1 { p MIEOBL™ VOB % = | G T ag |, o 1o AL
_ $a(L) | AuTen 1-pL _ $a(L) = bo(Aw) Ayty 1-pL _ h(z)
L-Ayls p 1-A4L L-Ay pT: 1-AyL 1-pz
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(A7)
h(L) - h(Aw)

AuTgu 1- pL 1
1= oAy | (= AgD) (L= Ayttt ™
h(L)L MuTew 1-pL
(1-pL)L-Ay) |, p 1-A LH
_[P3(L) ] AuTew 1-pL _ _ ¢3(L) - d3(Ay) Auty 1-pL _ h(2)z
L-Ayly p 1-A4L L-A\y pte 1-AyL 1-pz

E..ar = [A(L)MT (L‘l)B(L‘l)‘l} VB, =

(A8)
7\uTsu 1-pL 1

1- p%u} (1-AuL)(L - 7\u)
lta’l t+1 [Azg 1)_1] V_lB(L)_lxit
WL)L-p) | AuTy 1-pL
Te(1- pL)(L M) TuL(L- Au)} + P 1- Auint
h(L)(L - p) Ayty 1-pL
[TE 1- pL) L Au)l [TuL(L-Au)L} 0 1-A Lt
[434 L)} N [ $s(L) ] }7\uTu 1-pL

[h(L)L e - G(D)y

{ LA, L@ - Ay) 0 1-A Lt

{ $4(L) - P4(Aw) ¢5(L) $s(Aw) _ $s(L) - ‘1)5(0)} Ayty 1-pL -
L-My M (L -2y AuL p 1-A L™

_ Ay { h(L) [ Ty +L—p}_h(?\u) { Ty +7\u—p]_ph(0)} 1-pL
h(L)

LAy |te-pL) L | L-Ay |Te(-prg) Ay AL [ 1= AL
_ 1 Au\ 1-pAy + Au(L-p) h(0))] 1-pL
- - - Xit
L-Ay p /) 1-pL pL L ) 1-AyL

h(z) s(z) = hz)(z - p)

Te(1-p2)’ Tu

(A9)
= Gy(D)xyp,  Pal2) =

Inserting our obtained expressions into (A10),
h(L)x;; = @uG1(L)x;; + BuGa(L)xj + YuGs(L)xj; + xuGa(L)x;;

) A 1 h(L) A\ 1-phy AuL-p)] R(0)) 1-pL
_(pu(l p)l—AuLxltJrBu{L—)\uKl F) 1-oL oL | L [1-ALti

[h(L)L B~ PE ] L

AuTeu

+ -
Yu 1= pAu | (L= AuL)(L - Ag) it

1-pL 1 X
1-pAy| I-AyL)(L-Ay) "

AuTeu
+ Xy

{h(L) ~ hh)
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Removing the x;; terms, and rearranging terms on the LHS and RHS

A 1-pAy | Au(z-p) 1-pz
@ {1- b | (17 ) T e MR o)

(P-Aw(d-pAy)  Yu+ oy
) T - )

_ Ay 1 1-pz Au Yulu + oy
- ou (1—?) B h0) - )(1—;) (1 )

Multiplying both sides by z(z - Ay)(1- Ay2),

(p=Auw)(1-pAy)

h(2) [2(z - Au) (1= Au2) - Bulz - Au)(1- Ayz)| - h(z) 2(yuz + o)

- ou (1%) (2 - ) - Bu(l - p2)(z - Ah(0) - h(\) (1%) (Yuhu + )21 - 02)

I can write the above system of equations in terms of h(L) in matrix form

C(z)h(z) = d(z) where C(2) = (z - Bu)(z - A - Ayz) - M;_p}‘”)z@uz +

xy) = Ay {(Bu -2)(z-p) (z - %) - %”z[ocu + By - (l—yu)z]}. I can also write d(z) =
ou (1-3) 2z - M) - Bul- p2)(z - M)h(0) ~ hAw) (1- 3¢ ) (vuhu + )z(1 - p2). Note
that C(2) is a polynomial of degree 3 on z. Denote the inside roots of det C(z) as {(, (o},
and the outside root as {8‘1}. Because agents cannot use future signals, the inside roots
have to be removed. Note that the number of free constants in d(z) is 2: {h(O)} and
{E(?\u) = h(Ay) (1 - %) (Yuru + cxu)}. With a unique solution, it has to be the case that
the number of outside roots is 2. By choosing the appropriate constants, the 2 inside
roots will be removed. Therefore, the 2 constants are solutions to d;((;;) = 0 for {Cn}%zl
Using C(2) = -Ay(z - {1)(z - (2)(z -971), the Vieta properties to eliminate the inside roots,
and C(®1) = 0, I obtain a; = h(L)v; = (1 ‘3) Tva- S?Eiuﬂsu) 1_19L"t [

Proof of Corollary 1. We begin by showing that P(z) has two inside roots and one outside

root:

PO)=H>0
P( 2 B2 A5 - B) <

2
(1-(5)(1-9) _ 652[3(1-7\)()(6—1) >0
P poy

P(1) =

46



where the second condition is satisfied when A < (1+ @tp)/(1+ @) and b > § [benchmark

calibration implies A < 0.595, satisfied in all countries Kaplan et al], and the third
2

condition is satisfied when there is a sufficient level of information frictions, % <

%. Notice that this condition always holds in the case 6 = 1, irrespective from

the degree of information frictions. In our case, since § > 1 generates compounding in

the Euler condition, a sufficiently larger degree of myopia is required. O

Proof of Corollary 2. Note that P(p™!) = p;%z BA - Ax)A - pd) > 0 and P(\;})

TE” [1 BAu - (1-8Aw)B(1-2X)] < 0, where both expressions are satisfied under
7\ < 1+ @1p)/(1+ @), d < 1/p and B < b. By continuity of P(z), there exists a root
between A, and p, such that A, < 9 < p. It also implies that P(2) is decreasing in the
neighborhood of z = 971, a property that we use in the sequel to characterize com-
parative statics of 9. Taking the derivative, a:g;\z) = A”gﬁuz (aa")‘\” + a&%\” z) Evaluated at
z=971,

aﬂD(ﬁ—l) _ AuTeu <a(xu + 0Yu 1) _ _7\uT£u [(1 S)B(PTD B(1+ @)

=_ Z - <
A 0 \OA  OA D 0o A2 5 U ‘9)] 0

where ag% = =981 _ 51+ ) and ay” = B(1+ ¢). Knowing P(®1) = 0, making

A2
-1
use of the Implicit Function Theorem, a?ég )gi + aTé‘; D = = 0, which implies gi =
o7 00 ¢ o
~ 55 ( Comblnlng this last result with the earlier observation that < 0inthe
as
ne1ghborhood of z =971, we infer that 9 is an increasing function of A.
-1
Similarly, we can write %(Sz) = }‘”ng% Evaluated at z = 97, ang ) =

—%% = )‘”T”‘B(X -1) > 0, where ao‘” = B(1-x). Combining the Implicit Func-

tion Theorem with the earlier observation that (‘9 ) < 0in the neighborhood of

z =971, we infer that 9 is a decreasing function of s. O

Proof of Proposition 2. From the proof of proposition 1, I have the following objects:

A A - -pL 41- =
Mok = D)V Efmpyg = % [Ll “n(L) - 11 pp7\ Ni kh(Au)], and 7t - Efryyy =
Ay

ST END (L- p)L‘kh(L) +(p- )\u)?\;kh(ku)] ¢¢. The forecast error of annual infla-
tion is

—=C =C =C —=C —=C
3.t = B¢ Teagr = (7t = Eg7ie) + (a1 = Bymtpnn) + (Mo = BfTtpe) + (a3 — B4 7ip43)
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_ A I p
" (L= A= AuL) {(L_p) (%L )h(L) (b= Au) (Z" ) 7\u>]

__ (e-9A-p)up
p2(1- Ag®)(1- AuL)1-0L) "
(p-9) [pA-Aud) - ¥(p - Aw)L] W .
p2(1-Ay®)L(1-AyL)(1-9L)
, (0= 9) [pAu(1=Aud) + (p = Aw)(1 - Aud)L - H(p - Au)L2]
p2Ay(1-Ay®)L2(1- Ay,L)(1-OL)
, (P =9) [(L2 + AL+ A5)(p + AudL) - (L + Aw)AuL + (L2 + A5)pd]] ¥
p2A2(1-Ay®)L3(1 - AyL)(1- L)
- i e < (P M)+ AL Ao (- L
+H1= Aud)lp - (1= AL+ AWIL? + [N = 9(p = (1= p)Au(l+ A + ADIE? } &

_ (p-9Ey (A-&L)(1-EpL)(1-E3L)
p2A2(1-Ayd)  L3(1-AyL)(1-9L)
_ (p-9Ey (1-&LA-E&L) (d-& 1 Ay-& 1 .
p2A2 (1 - Ayd) I3 9-Aul-9L D-Agl-AL) "t
_ (p-wEe®d-&1) (1-&L)(1-E&3L)
PPAZ(L-Aud)(® - Ay)  L3(1-9L)
L (p=DE(&1—Au) (A-EL)(A-E3L) .
P2AZ(L-Au®)(® - Ay) L3 -AuL)
(1-&L)(1-&3L) (1-&L)(1-&3L)
Ba-s0) YT BuoaL -
1-(Eg +Eg)L+ Epbal? | 1-(Eg+Eg)L+Epksl?
13(1-9L) E Y 2T S (1 Al

o o0 (0.¢]
=v1 Y Fera - v1Ea+E) D Kern p tv1iats Y ey
k:o k:O k:O

o (0.9] o
Y2 > Agera-v2(E2 +E3) D Aberor T v2E2E3 D AnErik
k— k=0 k=0

= f312:19 €4+3- k+B2Z‘9 €p+2- k+f532‘9 Et+1-k
k 0 k—

+B4Z7\ €43 k+BSZ7‘ €2~ k+f36z7\ Et+1-k
k=0 k=0

€t

€t

where | = -7 p5 , &0 = PAL(L - Ayd), —&o(&1 + &2 + &3) = Au(l = Aud)lp - (1 - p)Ad],
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Eo(E180+E1E3+E2E3) = (1-ALD) [p-(1-p)Au(14AL)], ~E0E1EnEs = A3 -Dp—(1-p)Au (AL +A2)],

Y1 = z(AZ?IN;\i%(ﬁ;;\) Y2 = (z%\zi)fpffg(lﬁ}\f p B1 =71 B2 = -vi(&2 + &3), B3 = V1828,

Bsg =Y, Bs = —v2(&o + &3), and B¢ = v2&2&3. Before computing the forecast revision

of annual inflation, notice that Eym,,; - E;_j74 = (p_A;‘))\ZO‘”) H{uLat. Therefore, the
u

forecast revision of annual inflation is
—=C —C —C —C —C —C —C —C
E¢mtees t = Epamieas e = (Bpme = Broyme) + (Bp7tpan — Broqmpa) + (Bpmtpan — B 7te42)
—C —C
+ (Ef7t43 = Ef17443)

AR A+ A + A2+
(p u) (u)( ; Z}‘ Etk—‘XUZ}‘ €t

M) (TFALHAZ A3 (p
where oy = () 1;27\3 WL . I now seek to compute the OLS coefficient. The

covariance is

3+ 2+ 3+ +
C (forecast error, revision) = [[3106u19 Paoud Bgocuf} Bacudy [350€u7\ B6au}\u] 02

1-Ayd 1-A2 £

The variance is V (

02. Finally, the OLS coefficient is

T }\2
C (forecast error, revision) _ 3 2 1-A2 3
= 93+ 3,92+ + + +
Bcg = V (revision) [(51 B2 533) T BaAy + BsAZ + BeAu

B [ (p - )WL -A2) Lo - E1)(® - E2)(9 - &3)

o | p2AZ(1- AuD)2( - Ay)

(p-dM
) pZAu(l “A)® =-Ay) EoAu - E1)(Au - £2)(Au - 53)}

_ 1| (-9 WAudA-AYA+D)(A+9%)(1- p9)
oy p2(1-Ay®)2(d - Ay)

L (P =N+ AP (P - AW B+ Aw) = Aul = Aud)] - pAZ(A+ Au) (1~ Aud)}
p2(1-Ayd)(® - Ay)

(p -9 [m(l “AZ)(1+9)(1+92)(1- pd)

1
oty p2(1= Ay®)(® - Ay) 1-Ayd

+ (1+2A2){(p = Aw) DL+ M) = Au(1= Ayd)] = pAZ(1+Ay) (1 - Aum}]
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_ A3 A1 -A2)(1+9)A+92)(1-pd)
(p = Aw)(1+ Ay + A% +ADE - Aw) 1-Ayd

+ 1+ A2){(p - Aw) B+ Ay) = Au( - AyD)] - pAZ(1+ M) (1 - Aum}]

Proof of Proposition 3. The aggregate outcome is

~ 9\ 1 9 1
yt“b(l">1 (“5) (1-9L)(1- pL)”
0 k+1 k+1
(1__> {p V1- pL p-v1- SL] Z 0

The PE component is given by

PE = _%(1 -ND B Erre = -2(1 -A) Z(Bp)kﬁm = _—G(iil—_p?)ﬁtrt
k=0 k=0

__ Ba-N (1 )\u> 1 B(-A) (1 Au) 1

o(1- pP) 1-AL'” “o(1-pp) (- AuL)(A-pL) "
_B@A-N Au p 1 A1 N 16 B e SR _ ke
"~ o(1-pB) <1'?) [p—xul—pL‘p—Aul—AuL} T T oo(i- pﬁ)z( A ek

Therefore, the PE share i is given by

1-A
_ OPE{/0¢; _ pg(l p?S) (pTﬂ - X{Lﬂ) _ B(1-A) pTﬂ - 7\;?1
aTET/ast %(pﬂrﬂ _ 9T Po(l-pp) pTH - 9+l

]

Proof of Proposition 4. 1 first prove (i). To show (10) captures the HANK beyond FIRE
under certain (w 12 wp), I rely on the Method for Undetermined Coefficients. Both
dynamics are observationally equivalent if

d 1 2 1
8yt—1 - (1 - 5) T = WpYsq t 6watyt+1 - ;Tt =wpYi t 6wat {'3_)/15 - (1 - B) Tt+1:| - ;Tt

v 1
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0 0 1
= WpYpq towd [‘9%—1 - (1— 5) rt} -dwp (1— B) re- Tt

0 ) 1

- 2

= - 1- = - 1- = -

WpYp1 +OW D7y 1 —dw D ( p) Tt = dWgp < p> e Tt
9\ dws(p+d) 1

_ 2 _ A TR A

= <wb+6wf19 > Vi1 [(1 p) S 00) +v It

They are thus equivalent when (11) is satisfied.
I now move to (ii). Using the lag operator, I can factorize (10), E; [%rt] =

= [(éwa‘z -L1+ wb> yt_l} = E¢ [éwf (L1 -v{h) (L7 -3 yt_l] ,wherey7! and y3!
are the roots of the polynomial Q(x) = dw fxz - x+ wy,. Dividing both sides by (! —ygl),

o R | _ 11 _ 1 :
6wat[(L -vY1) il = Et [ert] = E; [‘V 1—;/22L—1 rt} . Hence, I can write the dy-

- — -1 S — 1 1 0o [ dwr
namics as y; =Yy Vi1~ 53;;\, > k0 Y2EtT ek = YT Vi1 - Yiwpy > k=0 iy | EtTero

where I have applied the Vieta properties. Therefore, the effect of a forward guidance

T
. . . . . ) dw c 1
shock promised at time ¢ in period T is FG¢ t+r = aEtJr/;T = -7 i)bv 7 wfb , which is

decreasing in T provided that y; € (0, 1) is the only inside root, limr_,», FG¢+r = 0, and

the forward guidance puzzle is solved. N

Proof of Proposition 5. The proof is identical to the proof of Proposition 1, modulo the
replacement of oy, for oe. In the public information case, the individual action is given

by a;; = h(L)zt = h(L)(vt + €1). The policy function is given by h(z) = - (1 - ‘%) mﬁ s

(vt + €p). O

and hence I have a; = hg(L)(vt + €1) = - (1 - %) v(1}p5) ﬁ

Proof of Proposition 6. The best response of agent | in group g is specified as follows

2

2
(A10) gt = PgElg Ve + BgElgiigna * D VgiElgrdie + ) AgiE1gitien
j=1 j=1

where a_g; is the aggregate action of the other group at time t. Parameters {41, Y gih
{otgr} help parameterize PE and GE considerations. Notice that GE effects run not only
within groups but also across groups (the interaction of the two blocks of the NK model).
Parameters {(} capture the direct exposure of group g to the exogenous shock. Iterating

_ k 2 k
fOI‘W&I‘d, algt = Qg Z,f’;o BgElgthk + Z]'=1 ngElgtajt + (Bngj + (ng) Zigo BgElgta',t+k+1'
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The aggregate action for group g is

2

O (0. @]
(A11) agt = ©g Z Béﬁgtvﬁk + Z Y nggtajt +(BgYgi t ) Z Béﬁgtdj, P
k=0 j=1 k=0

Let a; = (agr) be a column vector collecting the aggregate actions of all groups (e.g.,
the vector of aggregate consumption and aggregate inflation), let @ = (@g) be a column
vector containing the value of @g across groups, let 3 = diag(Bg) be a 2 x 2 diagonal
matrix of discount factors, with off-diagonal elements equal to 0, let y be a 2 x 2 matrix
collecting the (contemporaneous) interaction parameters Ygj» let « = (ocgk) bea2x2
matrix collecting the (future) interaction parameters Ogjs and finally let 6 =  + «,

_ a1t _|B1 O vy vz o o2
a; = ) B - b) Y= b) x =
0 B2 Y21 Y22 1 X2

st
Notice that (A1l) is equivalent to (4) and (15), respectively, if ay; = y;, ass = 7t, vt = W1,

P1
P2

y P =

Ey:() = E;(), Exs() = E #¢() and the following parametric restrictions are satisfied:
o1= -0 By =B, vy =1- [1- 2+ LN, v12 = -BU-N B, o1 = BL8(1-M0)-1)

o = %(1— A), @2 =0, B2 =0, v21 =0,y =1-0, and xp1 = xxpp = 0.
I now turn to solve the expectation terms. I can write the fundamental representation

of the signal process as a system containing (17) and (18), which admits the following
state-space representation

(A12) Zi=FZ; 1+ (I)slgt} xlgt =HZ; +‘Pgslgt

. T .
with F = p, @ = [05 0},Zt = Vi, Sjgr = [g}’ ulgt] yH=1and ¥g = [0 o‘gu}. It is

convenient to rewrite the uncertainty parameters in terms of precision: define 1, = 0—12,
£

T, . .
Tou = éu , and tg = F=. The signal system can be written as

_ O [ e
g

The Wold theorem states that there exists another representation of the signal
process (Al3), x; gt = Bg(L)w; gt such that Bg(z) is invertible and w; gt ™~ (0, Vy) is white
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noise. Hence, I can write the following equivalence:

In the Wold representation of x4, observing {x; 4} is equivalent to observing {w; 4},
and {x;f g} and {w’lf g} contain the same information. Furthermore, note that the Wold rep-
resentation has the property that both processes share the autocovariance generating
function, piix(z) =M g(z)Mg(z‘l) = Bg(z)Vng(z‘l). Given the state-space representation
of the signal process (A12), optimal expectations of the exogenous fundamental take
the form of a Kalman filter E1gtve = AgEjp Vi1 + Kgxp o, Wwhere Ag = (I - KgH)F, and K¢

is given by
— -1
(A15) Ky =PgHTV,
(Al6) Py = F[Py - P;HTV,'HP|F + ® DT

I still need to find the unknowns Bg(2) and V. Propositions 13.1-13.4 in Hamilton
(1994) provide us with these objects. Unknowns Bg(z) and Vg satisfy Bg(z) =1+ H(I -
Fz)‘lFKg and Vg = HP HT + ‘l’g‘l’gy. I can write (A16) as

(A17) P} + Py[(1- p%)0%, - 02] - 0705, = 0

from which I can infer that Py is a scalar. Denote kg = Pg,l and rewrite (A17) as kg =

2
TTE {1— p2 —Tgil: \/[Tg— (1— pZ)] +4Tg}
I also need to find Kg. Now that I have found Pg in terms of model primitives,

I can obtain Ky using condition (A15), Ky = o—. I can finally write Ay as Ag =

Itkgog,

kg cr?gu p
1+kg 0%,

2
—1]1 Tg 1 Tg
=3 |ptetoE \/<5 +p+ F) —4|. One can show that one of the roots A, [1 9

lies inside the unit circle, and the other lies outside aslong as p € (0, 1), which guarantees
that the Kalman expectation process is stationary and unique. I set Ag to the root that

lies inside the unit circle (the one With the ‘-’ sign). Notice that I can also write Vg
AgTau
0—7\g )

and therefore one can verify that

in terms of Ay, Vg = k 14+ gu = Nt T , where I have used the identity kg =

Finally, I can obtain Bg(z) = 1+ Pz _ Agz

(1-p2)(I+kog,) 1702
By(2)VgBl(z ™)) = Mg(2) M} (z™") — (p-Ag)(1- pAg) = Agg.
Let us now move to the forecast of endogenous variables. Consider a variable f; =

A(L)s; - Applying the Wiener-Hopf prediction filter, I can obtain the forecastas E; o, f; =
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[A@)MT(LYHBEL), vIBL) 1y gt» Where [+ denotes the annihilator operator.
I need to find the A(z) polynomial for each of the forecasted variables. Let us start
from the exogenous fundamental v; to verify that the Kalman and Wiener-Hopf filters

-1
result in the same forecast. I can write the fundamental as v; = [ 1T£2L 0} s;; = Ay(L)s;;.
-p

Let me now move to the endogenous variables. Guess that agent i x g’s policy function
satisfies a; ot = hg(L)x; gt~ The aggregate outcome in group g can then be expressed

_1

. . . Ag(L
ilarly, the own and average future actions can be written as ag 147 = #sl gt and

1
— — -5 hg(L h L _ :
Aigr+1 = Aig rr1 = hg(L)Xig 111 = [ng 7 (f (p)L) gu gL( )} S1gt = Ajg(L)S; 4. InOW obtain the

forecasts,

L ATy 1-pL
_ T(r-1 -1y-1 -1 -1 _ g p
EygrVe = [AV(L)Mg(L )Bg (L) } Vi By(D) Ly = [(1 D Ag)L. T AT e
_ [ 1) AgTg l_pLx $1(L) - p1(Ag) AgTg 1-pL b1(z) = Z
L-2Agl, p 1-AgL Lgt = L-Ag p 1-AgL Mgt 1 1-pz
(A18)
AgT 1 A 1
gTg g
1- L
o(1- pAg) - AgL 18~ ( p> 1o ngL et = G1lge
_ A y-1| gl a4, _ hy (L) AgTg 1-pL
Elgta’k,t+1_ |:TMg(L )Bg(L ) +Vg Bg(L) xlgt_ (1—pL)(L—}\g) . P 1- }\ L lgt
_ [ $2(L)] Agtg 1-pL $2(L) - d2(Ag) AgTeu 1-pL b= h(2)
L-Ag|, p 1-AL Mgt = L-Xg pTe 1-AgL Mgt P21E - pz
(A19)
AoT 1-pL 1
_NgTg P
=58 (L) - b (A G
o |:hk( ) k( g)l p)\ 1 (1- )\gL)(L A )xlgt 2gk( )xlgt
_ 1 _ _ hy (L)L AoTo 1-pL
_ T 1 1\-1 1 _ k 24
1t = [ADMEL B VP By(D) Ty = [ oD - }\g)L A
_[#3(L)] Agtg 1-pL $3(L) - d3(Ag) AgTou 1-pL ba(c) = hi(2)z
L-Agl, p 1-AL 8" Loag ot 1-AgL 180 P37 1 00
(A20)
Ao T 1-pL 1
gTg P
=£5 — (M)A Gaor (L
0 {hk(L)L h( g) &1 - Ag] (1- 7\gL)(L A )xlgt ng( )xlgt
B gt g, p41 = [,axl-g(L)Mg,(L‘l)Bg(L‘l)‘l]+ Vi Bo(L)
_ [ hg(L) N hg(L)(L - p)} AgTgu 1-pL
Te(l-pL)(L-Ag) TeuL(L-Ag)|, p 1-AgL Mgt
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{ hg(L) :| + [hg(L)(L—p)} }Angu 1-pL
Te(1- pL)(L - Ag) TouL(L - Ag) p 1-AgL X1 gt

{{¢4(L)] [ $s(L) } }Angu 1-pL

L?\g LL-Ay |, J p 1-AgL’let
_ [ $4D) - ba(Ag) | d5(L) - d5(g)  ds(L) - $5(0) | AgTgu 1-pL
L Ag Ag(L-Ag) AgL o 1-AgL 8t
_ ?\_ hg(L) Tgu . L-p B hg(Ag) Tgu N Ag-p ) phg(0) 1-pL N
p \L-Ag |te(-pL) L L-Ag [Te(I-pAg)  Ag AgL [ 1-AgL ™8t
L-Ag o) 1-oL T oL L [ 1-AgL7t8
(A21)
hg(2) hg(2)(z - p)
= Gy (L)X] 015 Z)= 5" s Z)= >
Inserting our obtained expressions into (A10),
n n
hg (L)xl gt~ Pg Glg (L)xl gt + Bg G4g (L)xl gt + Z ngGSgk(L)xl gt + Z o‘ngng(L)xl gt
k=1 k=1
D)1 = 0 (1_ ?) T agL et " P {L-Ag [(1 p ) I-pL ' pL ] TTL 1o
AoTo [ 1-pL 1
g g _ P
- Z (D)~ ) ] DT
Removing the x;; terms, and rearranging terms on the LHS and RHS
- --= +
) {1 | (1-5) 70+ ¥ 1= AL A
i 22: ) P A=A Vgl
ek (1-Ag2)(z - Ag)
2
Ag 1 1-pz Ag\  YekAg t Xgk
= -} 1 1-
(Pg< p) 1-Ap2 Bgz(l—)\ Z) g0 tho\g) ( (1-Ag2)(z - Ag)( pz)
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Multiplying both sides by z(z - Ag)(1 - Ag2),

2 (p - Ag)(1- PAg)
hg(2) [2(z - Ag) (1= Ag2) - Bg(z - Ag)(1-Ag2)] - ) Iy (2) . (Y g2 + Xgp)
k=1
Ag 2 Ag
k=1

I can write the above system of equations in terms of k(L) in matrix form
(A22) C(2)h(z) = d(z)

where

C(z) = diag {A;) [([5 _Iz) diag { <z - é) (z - p)} _ (B - Iz)z diag {%g} _z diag {%g} (y + &)

Cn(z) Cra(2)

That is, I can write C(2) = [
Co1(2) Coa(2)

] , Where

Cn(z) =M [(Bl - 2) (Z - %) (z-p)+ %Z [21-v11) - 511}] , Ciaz) = -7\12%(%1/12 +812)

C22(2) = Ay [(Bz - 2) (Z - %) (z-p)+ %Z [2(1-v22) - 522}} , Colz) = —7\22%(21/21 +821)

I can also write d(2) = [dl[Z; hl(')]] , Where
da[z; ho ()]
Ag & Ag
d5() = 0 (1- ) o= hg) - Bl )z Aedhg0) = 3 he) (1- ) e + )1~ p2)
k=1

From (A22), the solution to the policy function is given by h(z) = C(z)ld(z) =
32{ gg d(z). Hence, I need to obtain det C(z). Note that the degree of det C(2) is a poly-
nomial of degree 6 on z. Denote the inside roots of det C(z) as {(;, (o, (3, (4}, and the

outside roots as {1911, 1‘}51}. Because agents cannot use future signals, the inside roots

have to be removed. Note that the number of free constants in d(z) is 4: {hg(0)} and
{E(?\g) = Eizl hi(Ag) (1 - A—‘f) (ygkkg + ocgk)} for each g € {c, f}. With a unique solution,
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it has to be the case that the number of outside roots is 2. By Cramer’s rule, hg(L) is
given by

[d1<z> C12(Z)] [cmz) dl(z)]
et det
da(z) Coo(2) Co1(2) da(z)

m(z) = det C(z) ) det C(z)

2(2) =

which are the policy function for groups 1 (consumers) and 2 (firms). The degree of
the numerator is 5, as the highest degree of dg(z) is 1 degree less than that of C(z). By
choosing the appropriate constants {hl(O) h(A1), ho(0), h(?\g)}, the 4 inside roots will
be removed. Therefore, the 4 constants are solutions to the following system of linear
equations

det [dl(c,a C12(Cn)

=0, for {Cn}i:
do(Cn) C22(Cn)] !

After removing the inside roots in the denominator, the degree of the numerator is 1 and
the degree of the denominator is 2. The above determinants can be written as a system

of 4 equations and 4 unknowns (our free constants). Once I have set the appropriate

Po1tPgo2

1912)(1-922)° and hence I have

free constants the policy functions will be hg(z) =

Y1 + g2z
agt = hg(L)Vt (1 ‘g]:_lZ) 1 gzﬁzz Z ll)g] ( - _])

2
Z g Jt
j=1
I can write

B [alt] o~ lll)n 1|)12] Flt] B [1P11§1t+1|)12§2t]
a = = Qﬁt = ~ = ~ ~
asy Vo1 Yoo [Dot W1ty + oDy

Notice that I can write §gt(1—{)gL) = (1 - —) Vi — Sgt = ﬂgﬁg 1t <1 - —> vt, which I

3
~ ~ H 0 1- —1
can write as a system as 9; = AYy_1 +I'vt, where A = [ ! 5 ] , = [ 6 .Hence, I can
0 U 1-=2

write a; = Q0; = Q(AB;_1+Tv¢) = QAB;_1+0QT'v = QAQ a1 +QIv; = Aat_1+th. Finally, I
need to show that (20) hold. First, notice that in the standard FIRE framework, there is no
information friction, & = ¥y = 0. Therefore, the dynamics follow a; = Apirpa@+_1+BFIREV:
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00 +
where ApRg = [ ] , BFIRE = [11’11 b2 Under the standard FIRE case, dynamics
00 W1 + 22

are given by (28). To find the solution dynamics under FIRE, I proceed with a guess and

verify approach. Assume that a; = Dv;. Using the method of undetermined coefficients
Dv: = @v; + 8EtDvyyy = @vi + 8Dpvy — D = @ + 8Dp. Hence, it must be that
D = (I - 5p) 1. Notice that, for consistency, Bpirg = D. As a result, even if I cannot
find the analytical form of the individual ({11, P12, P21, P22), I know that conditions
(20) hold. O

Proof of Proposition 7. From the proof of proposition 6, I have the following objects:

Tk = ha(L)Vesjor EgTipag = % [Ll_kh (L)~ 55 Al_khzo\l)]) and 7,y - By =
A —k -k :
m (L= p)L™"ho(L) + (p - A)A] hz(Al)} ¢+. The forecast error of annual infla-

tion is

—C —C —C —C —=C
T443,3 = EyTya3 ¢ = (0 = B7ue) + (Tpay — Bp7upa) + (T — Epmpa2) + (0443 = B4 7i143)

— M k
oL -MN)(1-ML) [L ) (ZL ) ha(L) +(p - A1) (27‘1 ) h2(7\1)] £t

k=

_i (p - 9g)(1 - pOg)A1hog
2(1-A9g)(A - ML)(1- egL)

+ Z (p- 19g) [p(l - 7\119g) - 19g(p - 7\1)L} 1|)2g
p2(1= A19g)L(1- A L)(1- 9gL)

er

g=1

+Z(p 9g) [PA1(1-A1dg) + (p = A1) (1 - Apdg)L - Dg(p - ?\1)L}1l)2g
P2A1(1-A19g)L2(1 - M L)(1 - 9gL)

€t

g=1
N Z (p - Dg) [(L* + ML +AD)(p + AdgL) - (L + Ap)[ALL + (L + AD) pdyg] ] bag
i p2A2(1- A9g)L3(1 - A;L)(1- DgL)
2 (p - 9g)Wog

= x 4 OAZ(1 = A19,) + A1(1 - A9 [p = (1= p)A{]L
= 927\%(1—7\119g)L3(1—?\1L)(1—191L) {p 1( 1 g) l( 1 g)[p ( p) 1]

+H1=AuBg)lp - (L= AL+ ADIL2 + [N - 9g(p - (1= ML+ M + ADNIL? | e

_ i (0 - dg)Wogog (1- E1gL)(1- EggL)(1 - EagL)
2A2(1- Adg) L3(1- M L)(1-9gL)

£t
g1 P
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2
=>
g1 P
2 (p - Vg)agog(g — E1g) (1- EgL) (1~ E34L)

- ; P2AZ(1-ADg)(Bg - A)  L3(1-DgL)

. 22: (p - 9 bagEog(Eag ~ M) (1- EngL)(1- EggL)
s p2AZ(1- Mdg) (B - A1) L3(1- ML)

2 2
_ (1 - 52gL)(1 - E,SgL) (1 - 52gL)(1 - E,SgL)
- ;ylg L3(1-9gL) AOMET L3(1- ML)

(p - Og)og&og (1 - EggL)(1- E3gL) <19g flg 1 M-&g 1 )
2A2(1- A19y) L3 Og-Ap 1-9gL  dg-A; 1-AL

&t

&t

g=1

_ iy 1- (Eg + E3g)L + Eglagl? ZV - (Egg + Eag) L+ EpglagL?
18 L3(1-9gL) 25’ L3(1-\L)

2 0 00
= Z Yig Z 19£I§€t+3_k - V1g(&2g *+ E3¢) Z 19§'57,‘+2—k +Y1g&2¢83g Z 19‘Ig<r5t+1—k
g=1 k=0 k=0 k=0
o0

(0.9]
(v +v22) D AKerap - [var(Ear + 1) + V22 (Ea2 + £32)] D Mepa g
k=0 k=0

o0
k
+(ya1E1831 + V22E22E32) D AfEp1 g
k=0
2 . k . k . k
=2 Big > VgeraitBag > Ogerer it Bag ) Igtru
k=0 k=0 k=0

g=1

O 0 0
K k K
+Ba Y AeraktBs Y Afero gt B Y Aferk
k=0 k=0 k=0

where &gy = pAT (1-MDg), ~E0g (E1gE2gE3g) = M (1-MDg) [p-(1-p)M1], Eog(E1gEogHE1gEsg™

Eaglsg) = (L= MBg)[p - (- p)M L+ M), —Eogligoglag = AF = Oglp - (1= p)A(1+ A1 +AD)],
_ (p-9g)Wog&ng(Vg—Erg) _ (p=9g)Wag&ng(E1g—A1) _

Vg = om0 " Y T A * Pl = Ve Pag = Miglag * L)

B3g = Yig&og&3g, Ba = Y21 + V22, Bs = —[v21(&21 + &31) + v22(&22 + &32)], and Bg =

V21821831 Y22&22E32. Before computing the forecast revision of annual inflation, notice

= (-A)ha(\) 1 .
that Efm,,p - Ep_y7t4y = :)}\kz Y et Therefore, the forecast revision of annual

inflation is

—C —C —C —C —C —=C —C —=C —C —C
E¢mtees t — Epamieas s = (Bpme — Bpoqme) + (Bp7ipan — Bpoqmtp) + (Bpmtpan — Bpq7teen) + (Bt — Ef_170443)
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(p 7\1)h2(7\1)(1+7\ +7\_ +7\

0 27\151‘ k—“ZAﬁtk

(p-A) (AL AN) T2 hog 1
where o =

p2A}

Py
LMY T now seek to compute the OLS coefficient.
The covariance is

oc% + oa‘} + B3y 0D 00\ + Beor2 + Breoh
C (forecast error, revision) = Z Pg Pag P3godg , B4 BsoAy + Beohy
g=1 1- }\]}(}g

2
o

1-A2 ¢

The variance is V (revision) =

. }\2 02. Finally, the OLS coefficient is

2
C (forecast error, revision) _
Becg = p

1-22
3+ + LR34 +
V (revision) ;(Blgﬁ Bng} BBgﬁg) “Ag B4A] B57\1 BeM

2 2
_1 (p - 9g)bogdg(1-A) ] ) ]
) {; 0INZ(1- A9g)2(Dg - Ap) Eog(g - £19)Dg — £2¢)Dg - £3¢)

(p -9
Z p2A1(1- Algg)(gi ) E0g(A1 = E19) (A1 = E2¢) (A1 - Egg)]
g=1

1 22: (P~ ghpaghadg(1- A)(1+ D) (1+9Z) (1 - pdg)
x =1 p2(1- 7\119g)2(’9g - A1)

. i (p = Dg)Wog(1+ A2){(p - AD[Bg(1+ A1) - Ag(1- Ardy)

- PAF(L+ A (1~ Ardg)}
o=1 p2(1- Alﬁg)(sg - A1)

1 i (p-dghbag  [Mdg(L-AD+Dg)(1+DF)(1- pdg)
X =1 p2(1 - Alﬁg)(‘ag - 7\1) 1- }\llc)g

(1+2AD){(p - AD[Og(L+ A1) - A (1- M9g)] - pAT(1+Ap)(1 7\119g)}]

3

Z (p- 19g 1I)Zg

0—0

(P-AD)A+A+ A2 +A3) 307 1 V2 Pk o (1-A19g) (g = A1)
Ardg(1-AD)(1+ D) (1+93)(1 - pdy)

1- A9
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+ 1+ ADI(p - AM)Pg(1+ A1) - A (1 - Ardg)] - pAZ(1+A1)(1- Alsg)}]

Proof of Proposition 8. The aggregate outcome is

2
_ Vg 1
Ie” ;wlg (1_ ?) 1-9gL le)lg( ) (1-9gL)(1- oL) !

2
D p 1 dg 1 Vig o~ kKt gkt
=> (1— g){ } (P™ = Vg ey
; £ p p-vgl- oL p- Vg 1-90gL gZ kZ

The GE component is given by GE¢ = [1-B(1-Ax)]E¢ 4 +(6-B)A-AX)B 3520 B¥Et Verken
where

j=1
2 "2
J. _1 Te _ -1
=Y i (1-2) || o o |TeLT L-el Mm 1 €t
] P (1-5,L)(1-pL) T_% 1-A\ L1 p 1-AL

1 +
92(p - M)A~ pA1)

2 9
:pr (1__){ 8]§p p(p - 19)(% AD(1- 197\1)2 j ek

A2(1- pd;)
+
p(; - A - 197\1)2 15 k}
(0.9]

kec c J/t 1
ZBEtyt+k+l le)lj( ) [(L R)(1- 19L) ]

k=0

2
O -1 Te _ 71
= E 11,1. (1__] TEZ 0 l—pL‘l 1 pL 7\1T1 1 &
4 P (L-B)(A-9;L)(1-pL) [ 1ML e 1-ML

1 +
Iy

2 2 o0
= (1-2 o k
2y (1 p) {(1—06)(0—8j) %" Tk

93(p - A1)(1- pAy) y
_p(p—f}])( - B9, ®; - A~ MI)Z €1-k
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M [97\1(1 - Bﬁj) + 7\119]-(1— PA7) - p{} (1- pPALY; )] "
p(1-pR)(1 - BI)(®; - AD)(1-9A1) Z 161k

Hence, I have

GE¢ = [1- B(1-MOIEry; + (6= B)YA-M0B > BFEt vpagnn
k=0

2 o0 192(9—7\1)(1—07\1) S AM(p-9)(1-p9) &
— . k k
_[I_B(l_m];w”{;p 20, A1 5w 2= o, - A M)Z

33(9 - A (1-pAy) i
+(5-B)(L- Ax)ﬁzwl]{ Zp ST [519)(19 A Ml)zgk

. M(p-9)) [07\1(1 = B9)) + M9;(1- pAg) - p9;(1- 957\119]')} b K
p2(1- pB)(1- BO)(®; - A)(L- ;A kz% Lk
(612p +5227\1 +253]Zs’<)
j=1 k=

Therefore, the PE share pi; is given by

| OGE/der . 810" + 82A] + Y07, 8307 p <Z§=1 big - 51) T - PORAT - 3o (gD + 85))97
He=1- ———— -
OTE+/0¢e; 52 Ve o gy Y g1 W1gPT = X gmg 1907

]

Proof of Proposition 9. (i) Recall that equilibrium dynamics satisfy (28). I need to find
the conditions under which the equilibrium process is stationary. This sums up to
having all the eigenvalues in the matrix 57 outside the unit circle. This restriction is
satisfied if

(A23) det 57 >
(A24) detd ™ —tro " >-
(A25) detd ™ +tr 5t > 1

Introducing the respective values in (A23)-(A25), I obtain (22)-(24).
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(i1) Recall the equilibrium dynamics described by Proposition 6. I need to find the
conditions under which the equilibrium process is stationary. This sums up to having
all the eigenvalues in matrix A inside the unit circle. This restriction is satisfied if

(A26) detA <1
(A27) detA - trA > -1
(A28) detA +trA > -1

Notice that trA = 91 + 99, where 91 and ¥, are the two roots of the characteristic polyno-
mial of A, and det A = 9;9,. Therefore, the above conditions can be translated to

Yoy <1
B1-1D®2-1)>0
B1+1)®y+1)>0

Notice that such a system can only be satisfied if both roots are inside the unit circle.
Introducing the respective values in (A26)-(A28), I obtain (25)-(27). ]

Proof of Proposition 10. 1 first prove (i). Guess an ad-hoc system of dynamics, such that
(A29) Xt = WXy 1+ 8W fErxper + @Vt

for some arbitrary 2 x 2 matrices (wp, w f). To show that the ad-hoc model presented
above captures our HANK beyond FIRE under certain (w ¢, wy), I rely on the Method
for Undetermined Coefficients. Both dynamics are observationally equivalent if

AX¢_1+Bvy = Qv + gwatxtﬂ + WX = @vrt gwat(Axt + BVp1) + WpXpg
=@Vt gwf(Axt + BEsV41) + WpXp1 = @V + Swf(Axt +Bpvy) + WXy
= @Vt + 8w ¢[A(AX; 1 + Bvy) + Bpve] + Xy

= [Sw FAA+ wb} xpq + [5 +Bw (A + p)B] "

They are thus equivalent when (30) is satisfied. Now that I have the system dynamics
(A29), I just need to multiply the system by A to back out the DIS curve, which I can
write as (31).
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I now move to (ii). Using the lag operator, I can factorize (32)

1 - -
Et [(; + wfﬂ) = wbn”t—l] =E¢ [(wf_yL 2oL+ wby) J’t-J
_ -1 1) (1-1_,-1
=& fogy (1797 (17 93) v
where 7! and v;! are the roots of the polynomial P(x) = w f yxz - X+ Wp,. Dividing

both sides by (L™ - yal)

1 1 1
-1_,-1 -
w ey BT =) Y] = Bt [(; * wfw) L—Tyglrt - wbﬂrﬁlﬂt—ll

1 Y2 Y2
=E; |- —tw ——— Tt Wy =T
t{ (V f”)l—VzL‘lt T gL 1

Hence, I can write the dynamics as

o0
_ Yow Y2 (1
Yt = Yllyt-1 + b (11yq +yory) - o (; T Wyt wbnY%) ZYéEter
fy fy k=0
w wy 1 (1 0y \ & ([ wpy |
=Y Yt b | g + L | - stwegt wbnz—i Z . EtTeei
Y1Wpy Y1Wpy Y1iWpy \ vV Y1Why | o \Y1%0y

where I have applied the Vieta properties. Therefore, the effect of a forward guidance
shock promised at time ¢ in period T is

dy 1 (1 w wpry \"
FGit4r = L=- StWat Wy %/ .
OE¢trter  Yiwpy \ v YiWh, | \Y1%by

which is decreasing in T provided thaty; € (0, 1) is the only inside root, limr_, FGt+r =
0, and the forward guidance puzzle is solved. O

Proof of Proposition 11. The proof is identical to the proof of Proposition 6, modulo the
replacement of oy for o¢. In the public information case, the individual action is given
by a; gt = hg(L)zt = hg(L)(vt + €¢). The policy function of an agent in group g is given

by hg(z) = %, and hence I have agt = hg(L)(vt + €¢) = %(w +e) =

64



0 0 n a :
Ibgl (1 - ﬁ) ﬁ(w + €t) +11)g2 (1 - %) ﬁ(vt + €t) = 1|)g191t +‘l.|)g292t. I can write

a; = [au] - QB; = [11)11 1|)12] [511 _ [1P11§1t+¢1252t]

ast o1 oo | |Bos 21017 + 2202
Notice that I can write §gt(1—9gL) = (1 - %) (viter) — §gt = egég)t_ﬁ (1 - e—pg) (vites),

0
~ ~ 0; 0 1--1
which I can write as a system as 0; = AO;_; +T'(vs + €;4), where A = [ 1 o ] , = [ 692] .
0 0, - %
_ ~ ~ P
Hence, I can write a; = Q0; = Q[A0;_1 + (vt + €7)] = QAB;_1 + QT'(vs + €7) = QAQLa;_1 +

QF(vt +eg) = Aa;_1 + Bvy + Beg.
[

Proof of Proposition 12. This proof mimics the proof of Proposition 6 and extends it
to allow for a public signal. In this case the fundamental representation of the signal
process as a system containing (17), (18) and (33), which admits the state-space repre-
sentation Zy = FZ;_; + @8, and Xt = HZy +Wgs) 4, With F = p, @ = [0 0 Ue]; Z = vy,

T 10 oe 0 O T .
Sigt = [et Ul sﬂ ,H= [ ,and Wg = [ ¢ and Xgt = [zt xlgt} CItis

01 0 og O

convenient to rewrite the uncertainty parameters in terms of precision: define 1, = 0_12’
£

Tg = Glé, and ¢ = 0—1% The signal system can be written as

-1
2T gt
0 7" oI &

Denote A; as the inside root of det[Mg(L)Mfg(L)], which is given by

2
_ 101 Tg+’t€ _ 1 "l,'g+"l,'€ _ . -1 —
Ag 2 | TPt or \/ (p o+ on 4|. I can also write Vg
PTgtAgTe 5 _ _ AgTgtpTe Tg(Ag-p) I
TgTe Tg g~ P TgtTe TgtTe

Y - B -1 = ;
PTe (TgtTe) A\ AgTgtpTe and Bg(L) I-AgL Te(?\g—p)L 1 PTgHtAgTe I .
g~ P Te TgtTe T TgtTe
Let us now move to the forecasting part. Denote agent i in group g policy function

Agr = he1(L)zt + hgo (L)x; gt The aggregate outcome in group g can then be expressed as
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follows

gt = / ayge di= / ha1(D)z: + hga (D di

= [ha@ (e ocer) (o) (12

[hgl(L) + hg2(L) pLst + hgl(L)Ue €t

£ .
pLEt + Ggulgt) di

Hence, the forecasts are

A 1 2t
Ep oVt = £
Lgt"t PTe(l-Agp) 1-AgL [Te Tg} [ ]

Xlgt
h (L) A Te }\ T, 2t
Blgtakeer = [LT + o (L) (L-Ag)(lg—xgmm% M) ~Ag)(1- AggL)PTZ] Lz ]_
gt
Ag(1- pL) oy (Ag) _— z |
(L~ Ag)(L-AgL)p(1- pAg)T2 X1gt]
. Aghy1(0) [(1—>\gL)Tg+(1—pL)Te L
(1-AgL)(1-pAgtE L L) * g
hy (L) LAgTe LAgT 2t
Elgtakt [ * ho (L) (L—Ag)(lé:?\gL)pT% Mo (L) (L-Ag) (1g)\§L)PT%] x ]_
gt

7\§(l— pL)hkzo\g) [ - } [ 2t ]

— T
(L= Ag)(1-AgL)p(1 - pAg)t? Xigt
~ Aghgo(L) (L-p)(1-pL)Ag T +H(L-Ag) 1-AgL)pTe ] | 2t
Erge <“igt+1 i} agt”) (L-Ag)(1-AgL)pt? [_T L(p-Ag)(1-pAg) } Xig|

_ Ag(l—pL)th(Ag) [ ] 2t _
(L-Ag)1-AgL)p(1- pAg)T2 L ¢ &l |«

g

Aghg2(0) [ (1-pL)Tg+(1-AgL)Tc }
—te
Introducing the expectations just calculated into the best response (A10), and rear-

(1= AgL)(1- pAg)T2 L(p-Ag)
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ranging terms,

[hgm (

_@)_thm( %>_
Lt ; . &L ;(L—Ag)(l—AgL)pTg

hkz (L) }\gTe

(ngL + “gk) b)

p
i)

=[ PehgTe _p )

pTe(l- 97\g)(1 - 7\gL)

Mo (D)AgTg Bt | _
(L-Ag)(L-AgL)ptz <ygkL+ K >] ngt] i

BgAgl(1-AgL)tg + (1- pL)T] 4 (0) BgAgTe B

(1-AgL)1- pA)T2L(p - Ag) 57 (1= AgL)(1- pAg)T2

2 ogiAgl(1-AgL)tg + (1- pL)te]l & Ag(1- pL)T
B b (0 gk"g 88 _ A g PL)Te Y ,
; A D)1 - P 2L(p - 2g) ; 20 0= AgDp(1 - prgye? ek Ve
(Pg)\ng Bg}\g’fg B Bg}\g[(l - pL)Tg + (1 - AgL)Te]
- rg-rgh) O na- g2 T D e - ag)

O‘gkAng
(1-AgL)(1- pAg)T2

2
+ Z h11(0)
k=1

-y hp,(A
; e g)(L Ag)(1-AgL)p(1- p?\g)T

Ag(1-pL)Tg

2t
5 (Xgi }‘ngk)] ]
Xlgt

I can write the above system of equations in terms of h(L) in matrix form

(A30) C(L)h(L) = d[L; h(}), h(0)]
where
Ci(L) Cio(L) Cya(L) Cra(L) hu(L) di(L)
Co1(L) Co9(L) Coa(L) Cou(L h do (L
) = 21(L) Caa(L) Co3(L) Cos(L) h(L) = 12(L) dL OV, h(0)] = 2(L)
C31(L) Cso(L) Cz3(L) Cz4(L) ho1(L) ds(L)
|Ca1(L) Cao(L) Cu3(L) Caa(L) | hgo (L) | da(L) |
where Ciy(L) = 1- PP - W0, € (1) = - pRefuiiil) | €ip(1) = -42 - P12, Coy(L) =
élx)(gl_z;?fpiz; Co1(L) = 0, Coo(L) = 1~ LBTIE - (2\_12%1_1;1?)1;%2; Co3(L) = 0, C4(L) =
- PR, Car(L) = Y2 - {21, Can(l) =~ FRECAIA,, Cap(L) =1- P -2,
Caa(L) = - FBETAIEDy, Cu(L) = 0, Cap(L) = PR, | Cha(L) = 0, Caa(L) =
B AoTo (099 +y9o L)
1= 12, ~ @A nalyprz> 204

(L) = pTe(1- pA1)(1-A1L)

P1A1Te i )(B1 + oa)M[A - ML)t + (1 - pL)Te] |
(1-ML)(1~ pA)TEL(P - A1)
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P1A1Te ~ 1y 0) x1oM [ - ML)ty + (1- pL)Te]
(1-ALL)(1- pAp)T2 (1= AL)(1- pA))T2L(p - A1)
A1(1-pL)Te
(L-A)(1-A1L)pt2(1- pAy)

+ h12(0)

= [h12(A1)(eq1 + Ary11) + hoo(A) (a2 + A1y12)]

_ P1A1T] (B + )M Ty
2= - ona-an MO D a2
iy (0) B1A[( - pL)ty + (1= A L)Te] + 1y (0) x12A1T] _

(1- M L)(L- pA))T2L(p - A7) (1-A1L)(1- pAg)T?
AM(1-pL)Ty
(L-2A)(1-ML)pt2(1- pAy)

ds(L) = P2A2Te = )06217\2[(1-7\2L)Tz+(1 pL)Te]
pTe(l- pAg)(1-AoL) (1-A2L)(1- pA2)T2L(p - A2)
(B2 + 022)A2[(1 - A L)ty + (1 - pL)Te] | 0) BaAaTe _
(1- A2L)(1- pA2)TZL(p - A) ML)~ pAg)r?
Ao(1-pL)Te
(L- 7\2)((1 -AoL) p)Te(l PA2)
_ P2A2To 021A2T2 B2+ op2)A2T2
N (g B ¥y R W W3 RS W e (TR W TR w e
~ iy (0) BaA2[(1-pL)Ty + (1-ApL)Te]
(1-A2L)(1 - pA)T2L(p - Ag)

— [h12(A2) (a1 + A2y21) + hoa(A2) (o2 + A12Y29)]

= [h12 (A1) (11 + Ary11) + hoo(Ap) (12 + Aryi2)]

~ h21(0)

— [h12(A2)(0ta1 + Aoya1) + hoa(A2) (o2 + A12Y29)]

A2(1-pL)T)
(L= A2)(1-AgL)pT2(1- pAy)

From (A30), the solution to the policy function is given by h(L) = C(L)*d(L) = gdjt g&; d(L).

Hence, I need to obtain det C(L). Note that the degree of det C(L) is a polynomial of
degree 8 on L. Denote the inside roots of det C(L) as {(1, (o, (3, (4, (s, (g}, and the outside

roots as {19{1, 1951}. Because agents cannot use future signals, the inside roots have to
be removed. Note that the number of free constants in d(L) is 6:

{h11(0), h12(0), h121(0), h22(0), h12(A1)(0a1 + Aryir) + hoo(Ar) (o2 + A1yi2),
h(A1)
h12(A2)(cxg1 + A2y91) + hoo(Ag) (g2 + Agy22) }
h(A)

For a unique solution, it has to be the case that the number of outside roots is 2. By
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Cramer’s rule, hy1(L) is given by

(di(L) Co(l) Ci3l) Cua(l)]
dy(L) Cpo(L) Co3(L) Cos(L)
d3(L) Cza(L) C33(L) C34(L)

| da(L) Cao(L) Ca3(L) Caa(L)]
det C(I)

det

hi1(L) =

and similarly with the rest of policy functions. The degree of the numerator is 7, as the
highest degree of Dg(L) is 1 degree less than that of C(L). By choosing the appropriate
constants {f11(0), h12(0), hip1(0), h22(0), h(A1), h(A2) }, the 6 inside roots will be removed.
Therefore, the 6 constants are solutions to the following system of linear equations

—dl(Ci) C12(G) C13(¢)  Ca(
det da(C;) Coo(Cy) Ca3(C;)  Cosl
d3(C;) C32(C;) C33(C;) Caal

(

| da(C) Caa(C) Caz(C) Cas

fori=1,2,...,6. After removing the inside roots in the denominator, the degree of the
numerator is 1 and the degree of the denominator is 2. The policy functions will be

lT)gl,l + 1T)g2,1L (L) = 1T)g1,2 + {|3g2,2L
(1= L)(A-9,L) &7 1-9L)1-9,0L)

hgl (L) =

and hence I have

(1,1 +Wg1,2) + (o1 + IT)gz,z)Lv . V1,2 + g2 0L .
(1-91L)(1- 9,L) T A-0DA-9,D) "

gt = [hgl (L) + th(L)]Vt + hgl(L)et =

— 8]. 1 - ﬁj 1 — v Qv Q€ Q€
= g (1- o 1_8ijt+Z¢gj 1- > l—ﬁjLet = Pg1dq; +bgady + bg1dyy + dgady,
=1 =1

art

Y11 11)12] Fﬂ] N [d)u ¢12] Fft_

~ _"|. Notice
Po1 Yoo |93 $bo1 o] |95

] = Qv§¥+Qu§§ = [

I can write a; = [
at

3 3 v 0
that I can write 9¥ = A | + Ty = (I - AL)'Ix; for x € {v, €}, where A = 01 R ])
I 2
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. Hence, I can write a¢ = Qy(I-AL) ™ T+ Qu(I-AL) e = Qy 350, AR,y +
1- 92

Qu Zkzo /\ rut_k. D

1- ‘91
r= 19

Appendix B. Model Derivation

Households. An unconstrained agent i € S chooses consumption, asset holdings,
and leisure solving the standard intertemporal problem: max E;; > 25, B{U (Cft, N3 )
subject to the sequence of constraints:

(A31) Biy+ Q; 1y Vi < Ziy + Qip (Vi + PeDy) + Wy, - PG5,

where Cf;, NS are consumption and hours worked, B;; is the nominal value at end of
period t of a portfolio of all state-contingent assets held, except for shares in firms.
Likewise for Z;;, beginning of period wealth. V; is average market value at time ¢ of
shares, D; their real dividend payoff and Q;; are share holdings. The absence of arbitrage
implies that there exists a stochastic discount factor Q; ; ;+; such that the price at ¢ of
a portfolio with an uncertain payoff at ¢ + 1 is (for state-contingent assets and shares

respectively, for an agent i who participates in those markets):

P; Pt Viyp Pt
A32 B.. = E: . Z:giq—— d 1=E; ; +—D
( ) it it {Qljt,tﬂ 1,t+1 Pt+1] an it [Qz,t,tﬂ ( P ™ 7 Vi t+1

which iterated forward gives the fundamental pricing equation: 1 =
E;; %Ziﬁl Qi,t,t+th+k]- The riskless gross short-term real interest rate R; is a

solution to 1 = Ej; <RtQi,t,t+1)' Note that for nominal assets, the nominal inter-
est rate satisfies 1 = E; <%ItQi,t,t+1>- Substituting the no-arbitrage conditions

(A32) into the wealth dynamics equation (A31) gives the flow budget constraint.
Together with the usual no-borrowing limit for each state, and anticipating that
in equilibrium all agents will hold a constant fraction of the shares (there is no
trade in shares) Q;, whose integral across agents is 1, this implies the usual in-
tertemporal budget constraint E;; %Qi,t,tﬂXi,tﬂ] <E; [Xit + WtNiSt - PtCi] , where
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Bi¢Xir = Eip [Zie + Qi (Ve + PeDy)| = By [Zit 0, (E;ﬁ“;o PtQi,t,t+th+k>] and

o0
1%
S it t+k _
(A33) Ei> Qi t,1+kC ok < Ei l + Z Qit,tvkp P, t+k Eltz Qi t+k Y] ek
k=0 k=0

with Y3 Dk = QD + %Ng ++1 is the income of agent i. Maximizing utility subject to
this constraint gives the first-order necessary and sufficient conditions at each date

Cl,t+1

and in each state, B# = Qi 1,415 along with (A33) holding with equality (or flow

budget constraint holding with equality and transversality conditions ruling out Ponzi

games be satisfied: lim;_,  E;; [Qi,t,t+kzi,t+k} = lim;_,  E; [Qi,t,t+kVt+k] = 0>. Using
(A33) and the functional form of the utility function the short-term nominal interest

Uc(CS .
rate must obey 1= 3E;; Rt%} . Denote by small letter log deviations from steady-
C\ Vit
state, except for rates of return (where they denote absolute deviations). Notice that

s
Qt t+k = Bk ( ”+k> and in steady state: Qi = BX. Thus I have Qi e+k = In Ql,tt+k =

ue(cs) Q
Uc (C?Hk)
¢l — S S — 1
n—r— =0 <Ci,t+k - Cﬁ) where q; ; pvr = it re1 * Qi 2t - T Qi ko1, ek USING

e(C3)
the stochastic discount factor notation, I can write the unconstrained Euler condition
as %qf} 41 cl f sEltcl - @- s)Eltcl ++1- Lterating forward the above condition,
k-1 1
S — K S
(A34) = S Ej i - [EEitqt,Hl (1- $)Egecy’ 4]
j=0
. oy ST N
Using the definition of the stochastic discount factor, I can write ;¢ t ks SEthl e
H S _sE.cS oS
(L= )BisCipan * 6 g~ SBirCy pap ~ (- S)Eltcz R A | SEltCl t+k (1 S)Eltcz t+k?

and I can thus write = Etht ks =3 5+ (1-9)E; Z 1t+k - t+k)
Log-linearizing the 1ntertemporal budget constramt around a steady state with no
S_cH k.S
shocks nor information frictions, zero profits, and no inequality, C° = C*, >~22, B*c Crer =

-1 -
> 220 Rk ys itk Adding o Eitqt,t+]< on each side, > 72, BrE [eq,t+k+ CiSt+k] =
> 220 BkEit [(_th et nyk Using the iterated Euler condition (A34), the LHS is

1 1— -
reduced to ¢ ¢ + 3 2kl BRE(c] Pk G )= % BkEtht st 720 BEi Vi
I can also write Zk—o BkEtht D Dy as pk Z Ejirik = m > 220 BXE;7,.; Hence,
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I can write the consumption policy function as

(0. 0 (0.¢]
B
(A35) ¢ =-(1-9)> fskEit(ci e c{ft+k) - S BRE i+ - B) D BREL Y
k=1 k=0 k=0

I assume that the government implements an optimal steady-state subsidy such that
there are zero profits and perfect consumption insurance in steady state, 5 = (e - 1),
and that the government implements a redistribution scheme by taxing profits, 1p.
Log-linearizing the budget constraints

S _ s, 1-tp _ 5
(A36) Cr=Wetnyt e Vi
H_ H,™_ _
(A37) Cip =Wt + Tet = )/liti

Using the intratemporal labor supply conditions

(A38) E;wi = Gcft + (pn‘igt

(439) Ejw = oci] + o

Combining (A36)-(A39), I can write Cist = (%%Eitwt + a‘%ll__—TfEitet and cg =
%%Eitwt + %%Eitet. Hence, I can rewrite the consumption function (A35)
as ¢, = (- 92 B [a% (11__T7P _TTD> Eitet+k] - B BRE e + (L -
B) > % BKE;; [%%Eitwt+k+a(%11__—T)?Eitet+k]- Aggregating across i € S agents, I
can write cf = -(1-9>% Rk [6(% <11__—T)\D - TTD) Eteﬁk} - %ZZ’;O ﬁkEtrt+k + (1 -

B) 2720 B Eis [%%Etwﬁk + ﬁ%lf__?ﬁteﬁk} -

Denote aggregate consumption and aggregate labor supply for the unconstrained
household as Cf = [ Cft di, Nf =/ NiSt di and aggregate consumption and aggregate
labor supply for the constrained household given by CH = [ Cg di, NI=/ Ng di.
Equilibrium in the goods market requires that consumption of unconstrained and
constrained households equals total consumption C; = ACH +(1- A)Cf . Since I consider a
closed economy without investment and government spending, the resource constraint
is Yy = C;. Equilibrium in the labor market requires Ny = AN{J +(1- ?\)Nf . With uniform
steady-state hours by normalization (NS = NH = N), and the fiscal policy inducing
CS = CH = ¢, the above log-linearized market clearing conditions yields

(A40) yr=ct = A+ (1-A)c}
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(A41) ne = An{{ +(1- A)nf

Finally, because the final good sector is competitive and observes all relevant prices
pjy Thave py = [ ppdj, v = [yppdj = [ dj, yp = e = [npdiand y; = ¢ =
[ ¢;; di. Combining the (expectation augmented) optimal labor supply condition of
unconstrained households (A38) and that of constrained households (A39), and the labor
and goods market clearing conditions (A40)-(A41), I can write E;w; = 0Eyc; + @E;ny =
(p+ G)Ei Vs, where I have used the aggregate market clearing condition in the goods
and labor sectors. As is common in NK models without nominal wage rigidities, profits
are countercyclical. This results in dividends (and transfers received by firms) being
1

. . ) D\ 1=
countercyclical. Using the fact that e; = -w¢, I can write ¢;* = roEed [1 +@ (1 - %)} ngt =

[1 +@ (1 - %)] E;y, = XE;y,. Hence, I can finally write the aggregate consumption
function as

(A42)

¢t = (1-N)cf +AcH = _§<1— N BRE g+ [1- BA-AIELy, + (6 - B)A- M) D B¥Ercpuy
k=0 k=1

Finally, notice that this is implied by the following beauty-contest game for a representa-
tive household i, ¢;; = =& (1~ N)E;r + [1- B(1- AX)IE;; ¥; + BIS(L-AX) - LEscrs + BE;sC; 111,
is equivalent to (A42) provided that limy_, BTEitCi,HTJ which is broadly assumed in
the literature given f3 < 1.

Firms. The firms’ FOC is ) 72, GkE]-t[/\t’HkY-)Hk“ﬁ(P]’ft - MY, ;)] = 0, where
€

Wj,t+k|t = G; +k(Yj,t+j|t) denotes the (nominal) marginal cost for firm j, and M = .
Log-linearizing around the zero inflation steady-state, I obtain the familiar price-setting

rule

(A43) Py = (1= BO) D" (BO)Ej (e + 1)
k=0

where \; 44pp = log¥; 14y and p = log M.

Market clearing in the goods market implies that Y = C;; = fjh Cjj di for each
j good/firm. Aggregating across firms, I obtain the aggregate market clearing con-
dition: since assets are in zero net supply and there is no capital, investment, gov-
ernment consumption, or net exports, production equals consumption, fjf Y, dj =
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fjh fjf Cijt d] di — Y: = Cq.

Aggregate employment is given by the sum of employment across firms and must
meet the aggregate labor supply, N; = fjh N;, di= fjf Nj; dj. Using the production func-
tion and consumption demand, together with goods market clearing, N; = fjf Y dj =

Y: fjf (%) - dj. Log-linearizing the above expression yields to n; = y;.

The (log) marginal cost for firm j at time ¢ + k|t iS ; 11y = Wyag = M P11y
= Wyag, Where mpn; 1, and n; 14 denote (log) marginal product of labor and (log)
employment in period t + k for a firm that last reset its price at time t, respectively. Let
P = fj 1|)]-t denote the (log) average marginal cost. I can then write Vs = w;. Thus, the
following relation holds

(A44) U ekt = ek

Introducing (A44) into (A43), I can rewrite the firm price-setting condition as p;‘t =
(1-36) Ziﬁo(ﬁe)kEj (Pt+l< - |:Lt+k), where [1 = u;—pis the deviation between the average
and desired markups, where pu; = -(\+ - p;).

Suppose that firms observe the aggregate prices up to period t - 1, p'"1, then I can
restate the above condition as p;.kt - pp1 = -(1-$306) Ziﬁo(ﬁe)kEﬁﬁLHk + Ziﬁo(ﬁe)kEjthk.
Define the firm-specific inflation rate as T = (1-0)( p]’.‘t - ps_1). Then I can write the
above expression as

My = ~(1-8)(1- B6) D (BO) Ejefipri + (1-0) Y _(BO)Ejeryuy
k=0 k=0

hE

= (1- 8)Ejlme - (1- BO)fie] + POE;; {(1 ~0) > (BO)K [ty - (1- 6e)at+1+k]}

~
(=}

WE

= (1 - e)Ejt[Tft - (1 - BO)[t] + BeEjt {(1 -0) (Be)kEj)t+1[7Tt+1+k - (1 - Be)llt+1+k]}

>~
o

(A45)
=~(1-0)(1 - BO)Ejpite + (1~ O)Ejpms + POELT, 14

where 7; = fjf Tz dj.
Note that I can write the deviation between average and desired markups as p; =
Py =WVt = pp—-wr = -(0y; + eny) = —(0+ @) y;. As in the benchmark model, under

flexible prices (0 = 0) the average markup is constant and equal to the desired p.
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Consider the natural level of output, ¥} as the equilibrium level under flexible prices
and full-information rational expectations. Rewriting the above condition under the
natural equilibrium, u = - (o + ¢) y}}, which I can write as y}} =1y, where{, = —%.
Therefore, I can write [i; = - (o + @) ¥; where y, = y, - y} is defined as the output gap.
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