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Axiomatic bargaining theory
Before noncooperative bargaining theory, there was axiomatic
bargaining theory. (And later, too, of course.) Although
views on what axiomatic theory tries to accomplish vary,
it abstracts from any strategic behavior on the part of the
participants and looks for allocations that satisfy criteria of
fairness, justice, or stability.
We follow (but simplify) the discussion of Osborne and
Rubinstein (1994). There are two players, a set X of possible
agreements (allocations), and a disagreement outcome D 2 X
that occurs if the players fail to agree. The players have
preference relations ⌫i over the set L(X) of lotteries over X.
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A bargaining solution assigns to every bargaining
problem a unique element of X. Osborne and Rubinstein
define the Nash bargaining solution as follows.
Definition. The Nash bargaining solution assigns an
agreement x? 2 X such that if
p·x

i

x?

for some p 2 [0, 1] and x 2 X then
p · x? ⌫j x
for j 6= i.
Osborne and Rubinstein argue that the Nash solution is
the set of agreements x? such that player j can counterobject
to every objection of player i to x? . Think of an objection
as a proposal of a di↵erent agreement x and a choice of a
probability 1 p with which negotiations break down. If we
have p · x? ⌫j x then player j still prefers to insist on x? , and
hence has a counterobjection.
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The standard definition of the Nash solution is the
following equivalent one.
Proposition. An agreement x? 2 X is a Nash solution if
and only if we have that
u1 (x? )u2 (x? )

u1 (x)u2 (x) for all x 2 X,

where ui is a von Neumann-Morgenstern utility function
representing ⌫i with ui (D) = 0.
That is, the Nash solution maximizes the product of
utility di↵erences with respect to the disagreement payo↵.
As a simple example, suppose the players are risk neutral
and are to divide a cake of size 1, so that X = {x 2
IR2+ : x1 + x2  1}, and let D = (d1 , d2 ) 2 X such that
d1 + d2 < 1. Then x? maximizes
Z := (x?1

d1 )(x?2

d2 )

subject to x? 2 X. Since we must have x?2 = 1
x?1
(since otherwise the product could be increased without
taking away anything from anybody), this is equivalent to
maximizing
Z 0 := (x?1

d1 )((1

x?2 )

d2 )

with respect to x?1 , for which the first order condition is
x?1 =

1
(1 + d1
2

d2 ).

That is, the Nash solution in this case is for the players to
split the available utility increment equally. In particular, if
we have d1 = d2 = 0, then x? = 1/2.
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The Nash solution was originally derived from the
following set of axioms (by Nash 1950).
• Pareto efficiency,

• symmetry (i.e., the solution assigns the same agreement
in symmetric problems, where problems are symmetric if
one results from a relabelling of the players in the other),
and
• independence of irrelevant alternatives (i.e., if x 2 X is
a solution, and x 2 X 0 ⇢ X, then x should also be a
solution when X 0 is the set of possible agreements).
Nash shows that his solution is the only one that fulfills
all three criteria.
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The costs of market transactions
In a classic article, Coase (1937) argued that market
transactions come with special costs that are avoided within
the firm. These costs are now usually called transaction
costs.
Coase exemplified transaction costs by
• the cost of finding somebody to transact with
• the cost of drafting a contract

• the cost of enforcing a contract
According to Coase, the firm is characterized by the fact
that one party has the power simply to decree the terms.
A transaction takes place within the firm if the cost
of doing it there is lower than it would be in the market.
Hence the size of the firm is determined by the number of
transactions at which the marginal cost of an additional
transaction within the firm is equal to the marginal cost of
instead transacting in the market.
But Coase was somewhat vague about, on the one hand,
what transaction costs really are, and, on the other, exactly
why they can be avoided inside an organization.
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Opportunism, relation specificity, and “holdups”
Williamson (e.g., 1985) is one author who has developed
Coase’s ideas about transaction costs further. In particular,
he notes that market transactions can be inefficient
because of opportunistic behavior in the face of contract
incompleteness and relation-specific investments.
Contracts are incomplete if they do not specify exactly
what should happen in any conceivable future contingency.
Hence all real-world contracts are incomplete to some extent.
Relation specificity is present when the parties to a
transaction have to adapt to each other in ways that decrease
their opportunities outside of the particular transaction. One
example is if one firm agrees with another firm to supply
an intermediate product to the second firm over a longer
period of time, and in order to lower transportation costs
builds a new factory right next door to the second firm’s
factory. Before the factory was built, the first firm had many
potential transaction partners that it faced on equal terms.
Once the factory investment is sunk the first firm faces a
disadvantage in dealing with others which can be exploited
by the second firm if it wishes to change the terms of the
relationship. Another example is if the intermediary supplier
invests in new machinery otherwise tailored to the special
requirements of its buyer.
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Here is a simple example. Suppose two agents, Agent 1
and Agent 2, could come to a potentially mutually beneficial
agreement. For instance, this could be because Agent 1 can
manufacture an intermediate product that Agent 2 can use to
make a consumer product. Suppose the value of the resultant
surplus is 100 if Agent 1 makes a relation-specific investment
(e.g., builds a factory close to Agent 2) that costs him 60.
Since we have 100 > 60, this project would be efficient and
hence (in an ideal world) should be undertaken.
If everything was completely contractible in advance,
including Agent 1’s investment, Agent 1 would make the
investment and get his cost covered. One could then split
the profit of 100 60 = 40. For example, Agent 1 could get
80 and Agent 2 20.
But if contracting is incomplete and Agent 1’s
investment is sunk, there will be bargaining over the entire
surplus of 100. Since both parties have the same bargaining
position (as far as we know), it seems reasonable to assume
that the surplus is split equally. Anticipating this, Agent 1
will not make the investment, since we have 100/2 = 50 < 60.
This e↵ect is sometimes called the holdup problem. If,
once the investment has been made, its value cannot be
retrieved, Agent 1 can be “held up” by Agent 2.
This example illustrates Williamson’s ideas of
opportunism (Agent 2 exploits his bargaining advantage ex
post) and relation specificity (Agent 1 has to make a costly
investment that has no value outside of the present relation).
His thesis is that these problems are alleviated within the
firm, since, just as Coase argued, one party can decree the
terms of a transaction—i.e., no bargaining need ever happen.
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Here is a slightly more general example.
Agent 1 produces an intermediate good x (e.g., coal)
that Agent 2 can use to produce a consumption good
(e.g., electricity). Both parties can make relation-specific
investments that a↵ect the value of x and the cost of
producing x, respectively.
If Agent 2 invests i2 the value of the consumption good
ultimately produced is v(i2 ). Assume v is strictly increasing
in i2 , i.e., that v 0 (i2 ) > 0, and strictly concave, i.e., that
v 00 (i2 ) < 0.
If Agent 1 invests i1 the cost of producing x is c(i1 ). We
assume c is strictly decreasing in i1 , i.e., that c0 (i1 ) < 0, and
strictly convex, i.e., that c00 (i1 ) > 0.
Now consider the following order of decisions.
• Each party independently decides on his investment.
• The parties bargain about the price p to be paid by
Agent 2 to Agent 1 in exchange for the good x.
• Agent 1 receives the profit ⇡1 = p c(i1 )
receives the profit ⇡2 = v(i2 ) p i2 .
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i1 . Agent 2

Note that the sum of the payo↵s of the parties is
⇡
¯ = ⇡1 +⇡2 = v(i2 ) p i2 +p c(i1 ) i1 = v(i2 ) c(i1 ) i1 i2 .
The efficient investment levels would be those that maximize
this sum, i.e., those given by the first-order conditions
@⇡
¯
=
@i1
and

c0 (i1 )

@⇡
¯
= v 0 (i2 )
@i2

1=0

1 = 0.

Let i?1 and i?2 be the efficient investments.
We now assume that
• the parties cannot contract about p ex ante, and that

• the investments cannot be contracted upon (e.g.,
because they are investments in human capital and not
verifiable).
Once the investments are made there is a potential
surplus of v(i2 ) c(i1 ) to be divided in case trade of x takes
place. If the investments are completely relation-specific
both parties have outside options of value zero. The Nash
bargaining solution now suggests that the surplus be split
equally between the parties. In our case, this would mean
setting
v+c
p=
.
2
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Being rational and familiar with the structure of this
game, the agents will anticipate the bargaining outcome
and take it into account when making their investment
decisions. (Hence we can use backward induction.) The profit
anticipated by Agent 1 is then
⇡1 (i1 ) =

v(i2 )

c(i1 )
2

i1 ,

so his optimal investment is given by
@⇡1 (i1 )
=
@i1

(1/2)c0 (i1 )

1 = 0.

The corresponding profit of Agent 2 is
⇡2 (i2 ) =

v(i2 )

c(i1 )
2

i2 ,

so his optimal investment is given by
@⇡2 (i2 )
= (1/2)v 0 (i2 )
@i2
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1 = 0.

Our (standard) assumptions on v and c imply that
i1 < i?1 and i2 < i?2 , i.e., there will be underinvestment
relative to what would be efficient. This can be seen by, e.g.,
rewriting the condition for an efficient investment from Agent
1 as
c0 (i?1 ) = 1
and his condition for rational investment as
c0 (i1 ) =

2.

Since c0 is strictly increasing we must have i1 < i?1 . Similar
reasoning holds for Agent 2. We can write the condition for
efficient investment as
v 0 (i?2 ) = 1
and the condition for rational investment as
v 0 (i2 ) = 2.
Since v 0 is strictly decreasing we must have i2 < i?2 .
The intuition behind this result is that since an agent
only gets half of the increase in profit or reduction in cost
resulting from his marginal investment, he does not face the
correct incentives for efficient investment.
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Note that this argument depends on the investments
being completely relation-specific. For example, we assumed
that Agent 1 was unable to sell the good x to somebody else.
If that was not the case, he might be able to get Agent 2 to
pay up to p = v. In this case, at least Agent 1 would have
the incentive to make the efficient investment.
Williamson now suggests that vertical integration, in
which the two parties form one firm (e.g., through Agent 2
purchasing the supplier), can solve the holdup problem. The
problem arises because one party can threaten to withdraw
from the transaction, which means that bargaining will take
place. But within a single firm, one party has the absolute
power to specify the terms of the transaction, so there will be
no bargaining.
A problem with this theory of the firm is that it is
unclear whether this is really the di↵erence between the
market and the firm. An employee in a firm could always
threaten to leave it. The strongest threat a firm has
against its employees is that of firing them, which seems
to correspond exactly to the threat of withdrawing from a
market relationship.
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The firm as its assets
Hart och Moore (1986, 1990) develop Williamson’s analysis
further by noting that one defining characteristic of (some)
firms is that one party controls a set of physical assets. The
di↵erence between within-firm transactions and market
transactions is, in this view, that in the former case one party
controls all the assets necessary for the project in question.
Hart and Moore model bargaining by assuming each
participants gets his Shapley value (which, among other
things, is defined for more than two players). Hence we need
to discuss this concept first.
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Coalitional games and the Shapley value
A coalitional game with transferable payo↵s consists of
• a finite set N of players, and

• a function v (often called the characteristic function)
that assigns to every nonempty subset S ✓ N a real
number v(S), the payo↵ available for division among the
members of the coalition S.
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Solution concepts for coalitional games include such
things as the core, the kernel, and the nucleolus. A value on
the other hand, assumes that the grand coalition N forms
and associates a payo↵ with every player.
Let be a value. It satisfies the balanced contributions
property if we have that
i (N, v)

i (N

{j}, v N

{j}

)=

j (N, v)

j (N

{i}, v N

{i}

)

for all N , v, and i, j 2 N . Osborne and Rubinstein interpret
this to mean that for every objection a player i might have,
there is a counterobjection by some player j.
The unique value that satisfies this property is the
Shapley value, defined as
1 X
i (N, v) =
| N |!

i (Si (R))

R2R

for all i 2 N,

where R is the set of all orderings of N , Si (R) is the set of
all players preceding player i in the ordering R, and i (S) =
v(S [ {i}) v(S).
One way of thinking of the Shapley value is the
following. All coalitions are equally likely to form, and a
player gets the expectation of his marginal contribution to
a coalition. Originally, of course, it was derived from a set of
axioms.
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Who should own the Yacht?
The following example comes straight from the introduction
of Hart och Moore (1990).
We study a situation with three agents: the Chef, the
Skipper, and the Tycoon. There is a single physical asset, the
Yacht.
The Tycoon would be willing to pay 240 for a luxury
cruise with gourmet meals. In order for this to be possible,
the Chef has to make an investment in human capital that
would cost him 100. (For example, he has to learn to prepare
the food that the Tycoon favors.) We shall assume this
investment is of no value for other purposes, e.g., because
there are no other Yachts for the Chef to work on, or because
there are no other tycoons demanding this kind of service.
We also assume the Skipper’s services are perfectly
replaceable by somebody else’s, i.e., another Skipper could
easily be found.
Note that it would be efficient for the Chef to make the
investment, since we have 240 100 = 140 > 0.
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Now initially suppose that the Skipper owns the Yacht,
and suppose the time order of decisions is as follows.
• The Chef decides whether to invest or not.

• All three parties bargain about the division of the
potential surplus of 240 that would be realized if the
cruise actually takes place.
Since the Skipper owns the Yacht, which is indispensable
for the project, he has to get something of the surplus in
order to participate. The Tycoon also has to get something,
since the project as such is of no value without him, since
there are no other tycoons demanding this type of thing.
Hence bargaining involves all three agents. If we assume,
as before, that the surplus is split equally between those
participating in the bargaining, each agent receives 240/3 =
80. A rational Chef, anticipating this, would therefore not
invest.
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To be specific, Hart and Moore model bargaining by the
Shapley value. The following table shows the Shapley values
of all agents in the example, given that the Chef invests.
p
1/6
1/6
1/6
1/6
1/6
1/6

T
T
S
S
C
C

C
S
T
C
T
S

S
C
C
T
S
T

T

C

S

0
0
0
240
0
240

0
240
240
0
0
0

240
0
0
0
240
0

80

80

80
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Now assume, instead, that the Tycoon owns the Yacht.
Since the Skipper is dispensable, it is not necessary to give
him any part of the surplus. Hence bargaining now only
involves the Chef and the Tycoon.
p
1/6
1/6
1/6
1/6
1/6
1/6

T
T
S
S
C
C

C
S
T
C
T
S

S
C
C
T
S
T

T

C

S

0
0
0
240
240
240

240
240
240
0
0
0

0
0
0
0
0
0

120

120

0

(This is also the case if the Chef owns the Yacht, since
then he does not have to bargain with the Skipper either.)
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Now expand the example so as to allow also the Skipper
to make an investment of 100 that enhances the Tycoon’s
experience by a value of 240. (For example, the Skipper
makes a better plan for the cruise.) (If both the Chef and
the Skipper invest, the surplus is therefore now 480.)
Shapley values for the case when the Chef owns the
Yacht and both Chef and Skipper invest are given in the
following table.
p
1/6
1/6
1/6
1/6
1/6
1/6

T
T
S
S
C
C

C
S
T
C
T
S

S
C
C
T
S
T

T

C

S

0
0
0
480
240
480

240
480
480
0
0
0

240
0
0
0
240
0

200

200

80

Note that the Chef’s Shapley value if he does not invest
is 80. Hence he invests, but the Skipper does not.
The case where the Skipper owns the Yacht is
symmetric; only the Skipper invests.
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Next suppose the Tycoon owns the yacht.
p
1/6
1/6
1/6
1/6
1/6
1/6

T
T
S
S
C
C

C
S
T
C
T
S

S
C
C
T
S
T

T

C

S

0
0
240
480
240
480

240
240
240
0
0
0

240
240
0
0
240
0

240

120

120

Hence it is better for the Tycoon to own the Yacht, since
both investments are then made, which would be efficient.
We conclude that the physical assets for a project should
be owned by an agent who is indispensable for the project,
regardless of whether he has any important investments
to make or not. The bottom line of this is that an agent’s
incentives to act in his principal’s interest are better if the
principal owns the necessary physical assets. That is, this
reasoning suggests that the Tycoon would want an integrated
firm in which he owns the Yacht himself, rather than buying
the cruise service from somebody else.
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Finally, we demonstrate the importance of
complementary assets (i.e., assets which are all necessary for
a project) being owned by the same agent.
Suppose the Yacht actually consists of two parts, the
Hull and the Galley, each of which is of no value without the
other. Further assume that the investments of the Chef and
the Skipper, respectively, have alternative uses (i.e., there
are other customers for this kind of cruise). Finally assume
that the Tycoon could also make an investment that would
increase the value of the cruise project by 240. For more
generality, let the investment costs of the Chef, the Skipper,
and Tycoon be c1 , c2 , and c3 , respectively.
We ask whether it could ever be optimal for the Chef to
own the Hull and the Skipper the Galley.
Now the Chef no longer has to bargain with the Tycoon
for the project to happen, but he needs to bargain with the
Skipper in order to get access to the entire Yacht. Hence
he only invests if we have 240/2 > c1 . A corresponding
condition holds for the Skipper.
The Tycoon now has to bargain with both the others,
and therefore invests only if we have 240/3 > c3 .
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Next assume the Chef owns the complete Yacht. He now
invests if we have 240 > c1 , since he no longer needs to
bargain with anybody in order to realize the project. The
Skipper’s incentives remain the same as before, since he
still has to bargain with the Chef, i.e., he invests if we have
240/2 > c2 .
The Tycoon only has to reach an agreement with the
Chef, so he invests if we have 240/2 > c3 . Thus the
incentives of both the Chef and the Tycoon are improved if
the Chef owns both parts of the Yacht. We conclude that
complementary assets should be owned by the same agent.
The implications for the theory of the firm of this type
of reasoning is that the firm can be viewed as a collection of
complementary physical assets controlled by an agent who is
indispensable for the project.
While this theory is rather compelling, it seems to have
little to say about the corporation, a rather common type of
firm which is not owned by a single agent and whose owners
are typically not directly involved in the operation of the
firm.
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Problem. Two risk neutral individuals are involved in a
legal dispute over some property that is worth y to each of
them. If individual i 2 {1, 2} spends xi on preparing his case
in court, the probability that he wins is xi /(x1 + x2 ).
a) Find equilibrium expenditures when the individuals play
directly themselves.
b) Next assume an individual can hire an attorney to
represent him in court. The attorney makes the legal
expenditure decision and pays for it out of his own pocket.
The client only observes whether the case is won or lost.
Consider contingent-fee contracts between the client and
his attorney, i.e., contracts where the attorney is paid some
fee w > 0 if he wins the case and zero otherwise. Find
the equilibrium contracts when both parties hire attorneys.
Compare the utility of an individual in this case with that
under direct play.
c) Would both parties in fact hire attorneys?
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