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b. Compute a competitive equilibrium.

c. Suppose that one of the consumers markets a derivative asset that promises

to pay .05 units of consumption each period. What would the price of that asset

be?

Exercise 8.4 Consider a pure endowment economy with a single representative

consumer; {ct, dt}∞t=0 are the consumption and endowment processes, respec-

tively. Feasible allocations satisfy

ct ≤ dt.

The endowment process is described by20

dt+1 = λt+1dt.

The growth rate λt+1 is described by a two-state Markov process with transition

probabilities

Pij = Prob(λt+1 = λ̄j |λt = λ̄i).

Assume that

P =

[
.8 .2

.1 .9

]
,

and that

λ̄ =

[
.97

1.03

]
.

In addition, λ0 = .97 and d0 = 1 are both known at date 0. The consumer has

preferences over consumption ordered by

E0

∞∑

t=0

βt c1−γ
t

1 − γ
,

where E0 is the mathematical expectation operator, conditioned on information

known at time 0, γ = 2,β = .95.

Part I

At time 0, after d0 and λ0 are known, there are complete markets in date- and

history-contingent claims. The market prices are denominated in units of time

0 consumption goods.

20 See Mehra and Prescott (1985).
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a. Define a competitive equilibrium, being careful to specify all the objects

composing an equilibrium.

b. Compute the equilibrium price of a claim to one unit of consumption at date

5, denominated in units of time 0 consumption, contingent on the following

history of growth rates: (λ1,λ2, . . . ,λ5) = (.97, .97, 1.03, .97, 1.03). Please give

a numerical answer.

c. Compute the equilibrium price of a claim to one unit of consumption at date

5, denominated in units of time 0 consumption, contingent on the following

history of growth rates: (λ1,λ2, . . . ,λ5) = (1.03, 1.03, 1.03, 1.03, .97).

d. Give a formula for the price at time 0 of a claim on the entire endowment

sequence.

e. Give a formula for the price at time 0 of a claim on consumption in period

5, contingent on the growth rate λ5 being .97 (regardless of the intervening

growth rates).

Part II

Now assume a different market structure. Assume that at each date t ≥ 0 there

is a complete set of one-period forward Arrow securities.

f. Define a (recursive) competitive equilibrium with Arrow securities, being

careful to define all of the objects that compose such an equilibrium.

g. For the representative consumer in this economy, for each state compute the

“natural debt limits” that constrain state-contingent borrowing.

h. Compute a competitive equilibrium with Arrow securities. In particular,

compute both the pricing kernel and the allocation.

i. An entrepreneur enters this economy and proposes to issue a new security

each period, namely, a risk-free two-period bond. Such a bond issued in period

t promises to pay one unit of consumption at time t+1 for sure. Find the price

of this new security in period t , contingent on λt .

Exercise 8.5

An economy consists of two consumers, named i = 1, 2. The economy exists

in discrete time for periods t ≥ 0. There is one good in the economy, which
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is not storable and arrives in the form of an endowment stream owned by each

consumer. The endowments to consumers i = 1, 2 are

y1
t = st

y2
t = 1

where st is a random variable governed by a two-state Markov chain with values

st = s̄1 = 0 or st = s̄2 = 1. The Markov chain has time invariant transition

probabilities denoted by π(st+1 = s′|st = s) = π(s′|s), and the probability

distribution over the initial state is π0(s). The aggregate endowment at t is

Y (st) = y1
t + y2

t .

Let ci denote the stochastic process of consumption for agent i . Household

i orders consumption streams according to

U(ci) =
∞∑

t=0

∑

st

βt ln[ci
t(s

t)]πt(s
t),

where πt(st) is the probability of the history st = (s0, s1, . . . , st).

a. Give a formula for πt(st).

b. Let θ ∈ (0, 1) be a Pareto weight on household 1. Consider the planning

problem

max
c1,c2

{
θ ln(c1) + (1 − θ) ln(c2)

}

where the maximization is subject to

c1t (s
t) + c2t (s

t) ≤ Y (st).

Solve the Pareto problem, taking θ as a parameter.

c. Define a competitive equilibrium with history-dependent Arrow-Debreu secu-

rities traded once and for all at time 0. Be careful to define all of the objects

that compose a competitive equilibrium.

d. Compute the competitive equilibrium price system (i.e., find the prices of all

of the Arrow-Debreu securities).

e. Tell the relationship between the solutions (indexed by θ ) of the Pareto

problem and the competitive equilibrium allocation. If you wish, refer to the

two welfare theorems.
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f. Briefly tell how you can compute the competitive equilibrium price system

before you have figured out the competitive equilibrium allocation.

g. Now define a recursive competitive equilibrium with trading every period

in one-period Arrow securities only. Describe all of the objects of which such

an equilibrium is composed. (Please denominate the prices of one-period time

t + 1 state-contingent Arrow securities in units of time t consumption.) Define

the “natural borrowing limits” for each consumer in each state. Tell how to

compute these natural borrowing limits.

h. Tell how to compute the prices of one-period Arrow securities. How many

prices are there (i.e., how many numbers do you have to compute)? Compute

all of these prices in the special case that β = .95 and π(sj |si) = Pij where

P =

[
.8 .2

.3 .7

]
.

i. Within the one-period Arrow securities economy, a new asset is introduced.

One of the households decides to market a one-period-ahead riskless claim to one

unit of consumption (a one-period real bill). Compute the equilibrium prices

of this security when st = 0 and when st = 1. Justify your formula for these

prices in terms of first principles.

j. Within the one-period Arrow securities equilibrium, a new asset is introduced.

One of the households decides to market a two-period-ahead riskless claim to one

unit of consumption (a two-period real bill). Compute the equilibrium prices of

this security when st = 0 and when st = 1.

k. Within the one-period Arrow securities equilibrium, a new asset is intro-

duced. One of the households decides at time t to market five-period-ahead

claims to consumption at t + 5 contingent on the value of st+5 . Compute the

equilibrium prices of these securities when st = 0 and st = 1 and st+5 = 0 and

st+5 = 1.

Exercise 8.6 Optimal taxation

The government of a small country must finance an exogenous stream of gov-

ernment purchases {gt}∞t=0 . Assume that gt is described by a discrete-state

Markov chain with transition matrix P and initial distribution π0 . Let πt(gt)

denote the probability of the history gt = gt, gt−1, . . . , g0 , conditioned on g0 .

The state of the economy is completely described by the history gt . There are

complete markets in date-history claims to goods. At time 0, after g0 has been
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f. Suppose that I = 2. Show that as λ2/λ1 → +∞ , the planner would

distribute initial wealth in a way that makes consumer 2’s beliefs more and

more influential in determining equilibrium prices.

Exercise 8.15 Diverse beliefs, III

An economy consists of two consumers named i = 1, 2. Each consumer evaluates

streams of a single nonstorable consumption good according to

∞∑

t=0

∑

st

βt ln[ci
t(s

t)]πi
t(s

t).

Here πi
t(s

t) is consumer i ’s subjective probability over history st . A feasi-

ble allocation satisfies
∑

i ci
t(s

t) ≤
∑

i yi(st) for all t ≥ 0 and for all st .

The consumers’ endowments of the one good are functions of a state variable

st ∈ S = {0, 1, 2}. In truth, st is described by a time invariant Markov chain

with initial distribution π0 = [ 0 1 0 ]′ and transition density defined by the

stochastic matrix

P =

⎡

⎣
1 0 0

.5 0 .5

0 0 1

⎤

⎦

where Pij = Prob[st+1 = j − 1|st = i − 1] for i = 1, 2, 3 and j = 1, 2, 3. The

endowments of the two consumers are

y1
t = st/2

y2
t = 1 − st/2.

In part I, both consumers know the true probabilities over histories st (i.e., they

know both π0 and P ). In part II, the two consumers have different subjective

probabilities.

Part I:

Assume that both consumers know (π0, P ), so that π1
t (st) = π2

t (st) for all t ≥ 0

for all st .

a. Show how to deduce πi
t(s

t) from (π0, P ).

b. Define a competitive equilibrium with sequential trading of Arrow securities.

c. Compute a competitive equilibrium with sequential trading of Arrow securi-

ties.
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d. By hand, simulate the economy. In particular, for every possible realization

of the histories st , describe time series of c1t , c
2
t and the wealth levels for the

two consumers.

Part II:

Now assume that while consumer 1 knows (π0, P ), consumer 2 knows π0 but

thinks that P is

P̂ =

⎡

⎣
1 0 0

.4 0 .6

0 0 1

⎤

⎦ .

e. Deduce π2
t (st) from (π0, P̂ ) for all t ≥ 0 for all st .

f. Formulate and solve a Pareto problem for this economy.

g. Define an equilibrium with time 0 trading of a complete set of Arrow-Debreu

history-contingent securities.

h. Compute an equilibrium with time 0 trading of a complete set of Arrow-

Debreu history-contingent securities.

i. Compute an equilibrium with sequential trading of Arrow securities. For

every possible realization of st for all t ≥ 0, please describe time series of c1t , c
2
t

and the wealth levels for the two consumers.

Exercise 8.16 Diverse beliefs, IV

A pure exchange economy is populated by two consumers. Consumer i has

preferences over history-contingent consumption sequences {ci
t(s

t)} that are

ordered by
∞∑

t=0

∑

st

βtu(ci
t(s

t))πi
t(s

t),

where u(c) = ln(c), β ∈ (0, 1), and πi
t(s

t) is a density that consumer i assigns

to history st . The state space is time invariant. In particular, st ∈ S = {0, .5, 1}
for all t ≥ 0. Only two histories are possible for t = 0, 1, 2, . . .:

history 1 : .5, 1, 1, 1, 1, . . .

history 2 : .5, 0, 0, 0, 0, . . .

Consumer 1 assigns probability 1 to history 1 and probability 0 to history 2,

while consumer 2 assigns probability 0 to history 1 and probability 1 to history












































