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Exercises

Exercise 8.1 Existence of representative consumer

Suppose households 1 and 2 have one-period utility functions u(c1) and w(c2),

respectively, where u and w are both increasing, strictly concave, twice differ-

entiable functions of a scalar consumption rate. Consider the Pareto problem:

vθ(c) = max
{c1,c2}

!
θu(c1) + (1 − θ)w(c2)

"

subject to the constraint c1 + c2 = c . Show that the solution of this problem

has the form of a concave utility function vθ(c), which depends on the Pareto

weight θ . Show that v′θ(c) = θu′(c1) = (1 − θ)w′(c2).

The function vθ(c) is the utility function of the representative consumer.

Such a representative consumer always lurks within a complete markets compet-

itive equilibrium even with heterogeneous preferences. At a competitive equi-

librium, the marginal utilities of the representative agent and each and every

agent are proportional.

Exercise 8.2 Term structure of interest rates

Consider an economy with a single consumer. There is one good in the economy,

which arrives in the form of an exogenous endowment obeying19

yt+1 = λt+1yt,

where yt is the endowment at time t and {λt+1} is governed by a two-state

Markov chain with transition matrix

P =

#
p11 1 − p11

1 − p22 p22

$
,

and initial distribution πλ = [π0 1 − π0 ] . The value of λt is given by λ̄1 = .98

in state 1 and λ̄2 = 1.03 in state 2. Assume that the history of ys,λs up to

t is observed at time t . The consumer has endowment process {yt} and has

preferences over consumption streams that are ordered by

E0

∞%

t=0

βtu(ct)

19 Such a specification was made by Mehra and Prescott (1985).
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where β ∈ (0, 1) and u(c) = c1−γ

1−γ , where γ ≥ 1.

a. Define a competitive equilibrium, being careful to name all of the objects of

which it consists.

b. Tell how to compute a competitive equilibrium.

For the remainder of this problem, suppose that p11 = .8, p22 = .85, π0 = .5,

β = .96, and γ = 2. Suppose that the economy begins with λ0 = .98 and

y0 = 1.

c. Compute the (unconditional) average growth rate of consumption, computed

before having observed λ0 .

d. Compute the time 0 prices of three risk-free discount bonds, in particu-

lar, those promising to pay one unit of time j consumption for j = 0, 1, 2,

respectively.

e. Compute the time 0 prices of three bonds, in particular, ones promising

to pay one unit of time j consumption contingent on λj = λ̄1 for j = 0, 1, 2,

respectively.

f. Compute the time 0 prices of three bonds, in particular, ones promising to

pay one unit of time j consumption contingent on λj = λ̄2 for j = 0, 1, 2,

respectively.

g. Compare the prices that you computed in parts d, e, and f.

Exercise 8.3 An economy consists of two infinitely lived consumers named

i = 1, 2. There is one nonstorable consumption good. Consumer i consumes ci
t

at time t . Consumer i ranks consumption streams by

∞%

t=0

βtu(ci
t),

where β ∈ (0, 1) and u(c) is increasing, strictly concave, and twice continu-

ously differentiable. Consumer 1 is endowed with a stream of the consumption

good yi
t = 1, 0, 0, 1, 0, 0, 1, . . .. Consumer 2 is endowed with a stream of the

consumption good 0, 1, 1, 0, 1, 1, 0, . . .. Assume that there are complete markets

with time 0 trading.

a. Define a competitive equilibrium.
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b. Compute a competitive equilibrium.

c. Suppose that one of the consumers markets a derivative asset that promises

to pay .05 units of consumption each period. What would the price of that asset

be?

Exercise 8.4 Consider a pure endowment economy with a single representative

consumer; {ct, dt}∞t=0 are the consumption and endowment processes, respec-

tively. Feasible allocations satisfy

ct ≤ dt.

The endowment process is described by20

dt+1 = λt+1dt.

The growth rate λt+1 is described by a two-state Markov process with transition

probabilities

Pij = Prob(λt+1 = λ̄j |λt = λ̄i).

Assume that

P =

#
.8 .2

.1 .9

$
,

and that

λ̄ =

#
.97

1.03

$
.

In addition, λ0 = .97 and d0 = 1 are both known at date 0. The consumer has

preferences over consumption ordered by

E0

∞%

t=0

βt c1−γ
t

1 − γ
,

where E0 is the mathematical expectation operator, conditioned on information

known at time 0, γ = 2,β = .95.

Part I

At time 0, after d0 and λ0 are known, there are complete markets in date- and

history-contingent claims. The market prices are denominated in units of time

0 consumption goods.

20 See Mehra and Prescott (1985).














